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Abstract

This paper addresses the characterization of normality in industrial robots which is a crucial step in anomaly detection without an
a priori knowledge of the set of faulty behaviors. This is done using piece-wise multi-variate sparse polynomials involved in the
identification of implicit relationships between sensors measurements. These relationships are then used to design tight residual
generators for complex dynamical systems such as multi-link robot manipulators. An algorithm is provided and tested using real
data collected on a 4-link Staiibli robot. The precision of the residual is also compared to the one that might be obtained using
the state-of-the art Long Short-Term Memory (LSTM) recurrent neural networks (RNNs) showing higher precision with far less
complexity and drastically lower computation time. Moreover, some examples of use of the resulting residual generators in anomaly

detection are provided showing promising preliminary results.
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1. INTRODUCTION

Although the mathematical Euler-Lagrange equations of the
nominal behavior of robots are quite well mastered to derive
“white-box”” dynamic models, the use of neural networks (NN)
to yield even more precise and complex models is now a well
established practice with rather remarkable success [} 14} [17]].
The need for such data-driven models stem from the fact that
the accuracy of historically used, purely white-box models, is
limited by the difficulty in capturing complex non-linear dy-
namic phenomena such as friction, flexibility under rapid move-
ments and backlash to cite but few ones. This justifies the use
of data-driven models either in a fully “black-box” form by
completely replacing the physical equations [6, [10] 20]], or in
a “gray-box” form where data-driven sub-models are used to
capture specific parameters [[16} 8, 9] or to reproduce the error
of the mathematical model [7, [18, [19] 21]].

Within the model learning literature, beside Neural Networks,
several algorithms have already demonstrated their ability to
help modeling the dynamics of industrial robots, including Lo-
cally Linear Regressors, Support Vector Regressors [11} [3],
Gaussian Process Regressors [12, 2. Nevertheless, the most
promising approach seems to be the use of Recurrent Neural
Networks [17,|18]]. Thanks to their design, recurrent neural net-
works are perfectly suited to exploit temporal correlations, and
thus to handle various tasks involving time-series. Well known
recurrent networks such as Long Short-Term Memory (LSTM)
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networks or Gated Recurrent Units (GRU) networks are specif-
ically built to take the most of temporal dependencies, even at
a long term, and overcome the limitations traditionally faced
when mining long time-series, such as the vanishing or explod-
ing gradient problems. The use of LSTMs GRUs for dynamic
modeling of robots enables reaching accuracies that outperform
those achieved with more conventional methods [[18 (19, [17].

While a small increase in the model’s precision might not be
significant for the control task which is precisely designed to
compensate for small errors via the feedback mechanism, the
relevance of having a tight modeling becomes even more jus-
tified when it comes to detect small anomalies inducing small
signals that show up in the measurements stream. Indeed, the
tighter the modeling error (also called the residual) around the
predicted value, the smaller are the amplitudes of the anomalies
that can be detected with confidence (see Fig[T).

In its simplest form, the typical residual is based on a predic-
tion error of a targeted label, denoted hereafter by y, and the
following condition is used to fire an anomaly detection:

if (M[y(-)li_r -30)i_r] > n) — alarm 1)

where y(-)|!_; is the measurements profile of y acquired over
the time interval [t — T, 1], )7(~)|§7T is the prediction of the same
v, based on some prediction model, over the same time win-
dow, M[e(")|'_;] is some measure of the error’s profile while 7
is some alarm-firing threshold that is determined based on the
statistics of the error produced on training data. For instance,
polynomial thresholds [15] can be used once an acceptable false
alarm’s level FA is chosen, say 5%, together with a moment’s
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Figure 1: Example of fautly measurements (in red) with the nominal predic-
tion (in black). (a) Non detection since the faulty measurements are within the
large confidence interval. (b) possible detection when the confidence interval is
tighter around the prediction.

order » € N. These parameters set the threshold 7 to:

uy 1/r .
=t BT where = EIIM-pal] - @)
where (1, is the mean of M[e(-)|'_; ] over all instances of 7 con-
tained in the training data used to fit the model.

Notice that the use of a decision that is based on the observation
of the error over a time window as expressed in (I)), enhances
the robustness of alarm against measurement outliers and noise.
A possible definition of M might be the number of instants over
the observation interval [t — T, t] where |e| exceeds some thresh-
olds that would be defined using the statistics of errors on the
training data. Defining this aspect is a necessary step that is still
to be done regardless of the underlying model which produces
the error e. Whatever is the latter, the level of its precision de-
termines the quality of the final outcome. This precision is what
the present contribution is about.

A typical situation is the one corresponding to y being the out-
put of some surrogate model such as a NN model. Namely:

$(t) = NN(x(t), x(t — 1), ..., x(t — n1)) 3)

where x(#) € R"~ represents the measurements at instant ¢ of the
independent variables on which the targeted variable y depends.
In the case of the four d.o.f manipulator robot considered in
this paper for instance, y = T is the torque applied at the s-th
link of the robot while x € R'? stands for the triplet of vectors
(g, ¢, ¢) representing the generalized coordinates with their two
first derivatives at the four links.

In the present paper, we consider a more general measure of the
prediction error that takes the following implicit form:

M[e()] where e(t) := @(x(1), (1)) )
= min [y = Pl )

kell,...,
where for each k € {1,...,n,}, P«(-) is a multivariate polyno-
mial (MP) in the variable x. In other words, the error e(?) at
instant ¢ is the distance between the measured value y(f) and
the closest value among the n,, values P,(x(¢)) provided by the
polynomials Py, « € {1,...,n,} evaluated at the same argument

x(1).

It is important to underline the major difference between the
standard approach where ¥ stands for the predicted value of the
targeted variable y leading to the residual being defined by e =
y — § and the approach defined by (3) where the model does
not provide a single prediction but n,, candidate values, namely
P.(x(?)) for « € {1,...,n,}. Nevertheless, using these values, a
residual can be defined by (B) and as long as it is a residual that
is needed in (]I[) to characterize the domain of normal behavior,
both approaches are legitimate and end up with a residual to be
compared to a threshold.

RemARK 1. Notice that the error e provided by () can be arti-
ficially made as small as desired by taking a very large number
n,, of constant polynomials taking each a specific value in the
domain of possible values of the target y regardless of the value
of the argument x. More precisely, denoting by Ay = Yiuax = Ymins
under the assumption of uniform distribution of the data inside
the domain of excursion, the q € [0, 1] percentile of the error
induced by this trivial solution would be given by:

qu

2n—1) ©

percentile(lel,q) =
That is the reason why we shall systematically compare the
achieved precision to the above trivially possible one. Notice
that while using such high values of n,, reduces the residual,
it might also reduce, and even ultimately remove, the detection
capability as any value lying within the excursion observed dur-
ing the training would lead to small residual regardless of the
presence of faulty behavior. It is shown later on that in the
proposed algorithm, n,, is not chosen by the designer, rather,
it results from the required precision threshold th used in the
algorithm. The smaller th, the higher is the number n,, of sub-
models needed to achieve it (see section[3|for more details).

Notice that for a 4-links robot, four residual generators are con-
sidered which all share the same 12-dimensional state (feature)
vector while each addresses a specific torque (7's) that is applied
at the s-th link with s € {1, ...,4}:

q
x:=|gleR? ; y=T,, se{l,...,4) (7
q



This leads to 4 Piece-Wise Multivariate Polynomials (PWMP),
consisting each of possibly different number #,,, of polynomi-
als. Notice that when describing the methodology, the index s
might be dropped while keeping in mind that the methodology
is to be applied identically to each instance of the problem that
is defined for a specific value of s € {1,...,4}.

Given the previously described challenges, the contributions of
the present paper can be summarized as follows:

e A generic application-independent algorithm is proposed
to derive, for a given targeted label, a set of sparse MPs
P,k = 1,...,n, involved in (). The algorithm uses a
recently developed sparse least squares solver [[1]] together
with a specific technique that enables to explore the train-
ing data which is a tiny subset of the available working
data. The fitting algorithm shows three major appealing
features, namely: 1) Sparsity which is a key feature when
it comes to avoid the risk of over-fitting in any learning
paradigm. 2) The need for small amount of training data,
at least when compared to NN, and 3) Shorter computation
time that is orders-of-magnitude lower than the one needed
by NN models and this while producing tighter residuals.

o The proposed algorithm is applied to sensors measurement
acquired on a real Staiibli 4-link manipulator robot (in-
volving 12 states and 4 control inputs). The resulting four
residual generators are then applied to a much larger test
dataset in order to assess its generalization capabilities in
producing small residuals with small number #,, of poly-
nomials. The comparison with the residual generated by
state-of-the-art NN models shows higher accuracies, or-
ders of magnitude shorter computation times and far less
active parameters involved in the resulting models.

e A proof of concept is provided regarding the use of the
so designed residual generators to detect small anomalies
leading to barely noticeable differences in the raw mea-
surement time-series for a set of representative faulty be-
haviors. Moreover, the results suggest that the proposed
framework enables not only the detection but the localiza-
tion of the fault among the different axes.

The paper is organized as follows: Section [2] introduces some
definitions and notation used throughout the paper and states
the problem to be addressed by the proposed algorithm. Sec-
tion [3| presents the proposed algorithm together with some for-
mal results. The collected data and the data preparation steps
are then presented in Section 4] before the results are discussed
in Section 5] The paper ends with Section [6 that summarizes
the paper’s findings and discusses some possible future investi-
gation tracks.

2. Definitions, notation and problem statement

Given a vector of features x € R, recall that a multi-variate
polynomial (MP) P(x) in x takes the following form:

ne Ny

P(x)= " cj(x) where ¢(x) = | | " ®)

j=1 =1

where ¢; is referred to as the j-th monomial of P. The degree
d; of a monomial ¢; is defined by d; = Y);* | p¢;. The degree of
the polynomial P is the maximum degree of its monomials with
non vanishing coefficient c;, namely d = max?‘:l{dj | c; # 0}
Given the dimension n, of x and the degree d of the polynomial,
the number n, of possible monomials is given by:

ne = (”; d) ©)

Now given a dataset consisting of collected measurements of x
and some target variable y, namely:
= [ 0"

D = [ 0" (10)
and given a polynomial degree d, the polynomial features ma-
trix, denoted hereafter by ®(D, d), is the matrix having the ele-
ment at row i and column j defined by:

[D(D,d)]; ; := ¢;(x?) (11)

where ¢; are the j-th monomial among the . candidate mono-
mials. In other words, the column j of the matrix corresponds
to the value of the j-th monomial at all the instances of the fea-
ture vector {x”}'?, while the i-th row of the matrix corresponds
to the vector of values of the monomials {¢ j(-)}’;‘=I at the specific

instance x, called also sample, of the features vector.

Having the polynomial features matrix @ at hand, one might
try to determine the vector of coefficients ¢ appearing in (8) by
solving the following linear system of equations in the unknown
vector of coefficients ¢ € R™:

YD) = [O(D,d)]c ; ceR™ (12)

where Y(D) is the vector of targeted labels in the dataset D:

y(l)

YD) =] : (13)
y(nn)

Notice however that such an attempt assumes that the under-
lying relationships are polynomial over all the domain of val-
ues spanned by the measurements. This is obviously not true
in general and specifically for the manipulator robots because
of the presence of products of sinusoidal-like terms involving
partial sums of the angular positions. Therefore, using a sin-
gle polynomial to fit the entire data would lead to high level of
residuals and hence to a low anomaly detection capability as
discussed earlier.



On the other hand, since it can be argued that a large class
of relationships (almost any, actually) can be represented by
piece-wise polynomial approximations, a more reasonable at-
tempt would be to assume that there is a partition of the dataset
D of the form:
Ny
{D"}K: 1

over each of which the restricted version of the above problem

(T2) becomes:
YD) ~ [O(D.d)]

where D, c D (14)

c® e R (15)

leading to a different MP defined for each subset D, of the data.

Notice that given the high number n. of degrees of freedom,
solving the above system in a standard least squares sense is
not an option because of the high risk of over-fitting. This is
the reason why each of the linear systems of equations invoked
in should be solved in a parsimonious way, namely by at-
tempting to maximize the number of zero components inside
each of the vector of coefficients ¢ involved in (T3).

This can be done using well established solvers that are made
freely available in numerical packages such that the Machine
Learning dedicated scikit-learn [14] which provides the
lassoLarsCV excellent solver among some others. In the
forthcoming development, another solver, namely the sclars,
that implements a modified least angle regression logic (see
Chapter 10 of [1]]) is used because of its scalability given the
very large number of unknowns potentially involved (The scal-
ability of the algorithm is investigated in [[1]] where it is shown
that problems with up to 400,000 d.o.f might be solved in less
than few minutes while standard scikit-learn solvers strug-
gles when the number of d.o.f is greater than 35,000.). Never-
theless, in order to keep the presentation independent of this
particular choice, it is assumed hereafter that such a sparse
solver, denoted by S, is used leading to the sparse solution’s
operation denoted as follows:

Y — S(@,,Y,) (16)

where S designates the linear systems sparse solver while the
arguments designate the features sub-matrix and the label sub-
vector respectively.

In what follows, the following straightforward definition is con-
sidered in the statement of the results that underlines the ratio-
nale behind the algorithm:

DEFINITION 1 (A PERFECT SOLVER). A sparse solver S is said to be
perfect if for any polynomial features matrix ® € R"*" sych
that ny > n. and all ¢ € R, the following equality:

¢ =8(0,[D]c) a7

holds true.

which simply means that when feeding the algorithm with data
issued from an exact polynomial representation, then the algo-
rithm perfectly finds its coefficients.

Notice that the discussion above does not tell how to compute
the appropriate partition (T4) as this is the aim of Section[3] But
assuming that this is appropriately done, the process results in
the derivation of a set of MPs {P,(}Zg1 that are defined by the
above computed ¢, Namely:

ne

P = Y () (18)

=1

that can be used as described in the introduction in order to
compute the error e defined by ().

REeMARK 2. It is important to attract the reader’s attention to
the fact that the subsets D, k = 1,...,n,, are only intermedi-
ate entities that are not used once the algorithm ends. Only the
set of computed polynomials {P,}'", are used to produce resid-
uals. As a matter of fact, attempts were made to fit a multi-class
classifier that provides the subset index k(x) as a function of the

features vector x so that a true predictor can be defined by:
5" = PK()C)(x) (19)

but these attempts were not systematically successful. This can
be, at least partially, explained by the high precision of the im-
plicit relationships (see later). Indeed, if for such precision lev-
els it was possible to classify the regions, this would have meant
that the torques can be obtained as precise explicit functions of
the kinematic variables and we know that this is not true be-
cause the torque values also depends on some additional pieces
of information such as the set-point andjor the tracking errors
on these variables. This is the reason why only the set of poly-
nomials is used to provide the prediction error according to the
implicit relationship ().

Let us end this section with some additional notation that is
extensively used in the presentation of the algorithm: Given a
matrix M € R™*" the notation M; denote the i-th row of the
matrix. For each subset of rows numbers I C {1,...,n;}, the
notation M; denotes the sub-matrix defined by the rows with
indexes contained in /. Given x € R™, the hypercube of size p,
with center x, is denoted by HH,(x), namely:

Ho(x) :={& 1€ — xil < p} (20)

Moreover, the set of rows contained in M; that lie in H,(x) is
shortly denoted by H, (x| (M, I)). Now if ®(D,d) plays the
role of M, each set of indexes / can be used to define a subset
H, (x | (@, I)) that can play the role of candidate to be a member
of the partition {D,} discussed above. This is developed in the
following section.



Figure 2: Illustration of a simple ideal case.

3. The proposed algorithm

In order to introduce the algorithm, let us consider, for the
sake of illustration the case where n, = 2 and assume that a
relationship is defined by the following piece-wise polynomial

(Fig2):
_f P
y’{mm

Assume also that one disposes of a dataset O containing the
2D features instances represented graphically by the cloud of
points shown in Fig[2]and their corresponding y values.

ifxeR,

ifxeR, @D

The main idea is to acknowledge that under the assumption that
the relationship between x and y is piece-wise polynomial, one
can iteratively identify the involved polynomials by executing
the following set of steps:

1. Randomly select a sample x in the data set.

2. Tune the size p of the hypercube H,(x”) (exemplified in
Fig[2] by one of the white back-grounded squares) so that
it contains a sufficient number of samples, say Npi,, of
the dataset. This number (Npi,) depends on the degree of
the polynomial to be identified since for a given n,, this
determines the number of unknowns.

3. Solve the associated sparse optimization problem (16) to
compute, parsimoniously, the best polynomial, say P; that
fits the data in H,(x”). By parsimoniously, it is meant that
the solver should involve a penalty on the number of non-
zero coeflicients in order to avoid over-fitting in presence
of high number of degrees of freedom. This naturally also
enhances the robustness to measurement noise.

4. If the polynomial P; produces a regression residual that
is sufficiently small (lower than some targeted precision
threshold th), then add the polynomial to the set of
admissible polynomials to be considered in the final
solution, namely the set previously denoted by {P,},. For

instance, considering our illustrative example, this step
would be successful if the randomly sampled instance is
similar to x or x*? shown in Fig[2] while the choice of
x'%) might probably lead to failure.

5. In case the polynomial is admissible, evaluate it over the
remaining data and remove all the instances at which it
provides sufficiently precise prediction. Notice that the set
of removed instances necessarily contains the instances
that lie inside the hypercube H,(x”) but it is generally
much larger. For instance, considering the example of
Fig if the randomly sampled instance is x, then P,
would be identified and when evaluated on the remaining
dataset, all the instances belonging to the region R, would
be removed as P, is supposed to capture the relationship
over all these instances.

6. If the condition stated in step 4. is not satisfied (the resid-
ual of the fit is too high) then discard the polynomial and
go to step 1. for a new randomly generated sample x*
among the remaining ones unless the maximum number
of iterations is reached or the number of remaining sam-
ples is too small, in which case, terminate the algorithm
and the return the set of admissible polynomials that have
been gathered through the iterative process.

The previously explained steps are gathered in the following
condensed algorithm:

Algorithm 1 Identification of the set of polynomials {P,},

Input parameters: D, N, th, max_iter
Initialization: i < 0, Diemaining — D, P =0
while (card(Diemaining) > Nmin) and (i< max_iter) do

1« random selection in Dremaining- > Step 1.
p < such that card(H,(x?)) > Npin. > Step 2.
P; « fit the data in H,(x?”) parsimoniously. > Step 3.
if (Residual(P; | H,,(x”)) < th) then > Step 4.

P — PP} > Step 4.

Dok « {d € Dremaining [Residual(P; | d) < th}
Dremaining — z)remaining = Dok > Step 5.
end if
i—i+1
end while
return a

Obviously, in the case of the illustrative example of Fig[2] the
algorithm stops as soon as two samples such as x" and x> are
selected. Notice however that for this to happen, two conditions
are necessary:

1. The number of samples is sufficiently high so that the min-
imum number Np;, of instances can be obtained within a
sufficiently small hypercube that lies exclusively in a sin-
gle region.

2. The number of needed polynomials is moderate so that
the size of regions is sufficiently high to induce decently



high probability that the selected hypercubes Hp(x(i)) do
not span over multiple regions.

The above discussion leads to the following result that provides
the ideal foundation of the algorithm’s success:

ProprosiTioN 1 (IDEAL SETTING).
If the following conditions hold true:

1. The targeted label y is defined by a piece-wise polynomial
relationship of degree lower than d that involves a finite
number of regions {R )" .

2. The degree of the model used is greater than d.

3. The sparse solver is perfect and the measurements are
noise-free.

4. The number of iterations is not limited.

then for a sufficiently high population of samples inside each of
the regions R, it is probabilistically certain that the algorithm,
when executed using the degree d, stops after a finite number of
iterations delivering a set of polynomials that includes all those
involved in the relationship producing the data.

Proor. Indeed, as the size of the population of samples in-
creases inside each region R,, the size p > 0 needed for any
H,(x), x € R, to contain a number of samples 7, that is greater
than the number of features n. (associated to the pair (n,,d)
given by (9)) decreases. This ultimately makes the probabil-
ity of randomly selecting a center x such that the hypercube
H,(x") entirely lies in a single region R, rigorously > 0. This
makes the probability of this events taking place equals to 1
in a process involving an unbounded number of random sam-
pling steps (Assumption 4). As this is true for all regions and
since the solver is assumed to be perfect and the measurements
are noise-free (Assumptions 3), the truly involved polynomials
enter the returned set with probability 1. Moreover, as soon
as each one enters the set, the associated region R, is entirely
removed (Assumptions 2, 3) meaning that the algorithm even-
tually stops given that the number of regions is limited by As-
sumption 1. g

Obviously, the framework of Proposition |1| sketches the ideal
situation which enables to capture the main rationale behind
the algorithm. More realistic formulations can be derived at the
price of some technical definitions and ad-hoc assumptions that
would make the main rational less easy to grasp. Given that the
results proposed in the next sections are obtained using real-
life experimental data, it might legitimately represent a decent
alternative for the real-life validation of the proposed algorithm.
As a matter of fact, such a validation would have been anyway
the only ultimate proof of worthiness and an unavoidable step in
the path towards an assessment of the relevance and efficiency
of the proposed algorithm.

4. The dataset and algorithm’s parameters

The working data used in this section in order to validate
the proposed framework are collected on a Staiibli TS2-80

Figure 3: The Stidubli 4-links
robot manipulator providing
the working data used in Sec-
tion @ Axis 3 is translational
while all the remaining ones are
rotational.

4-links robot such as the one shown in Fig[3] Quite a rich
set of scenarios is executed where the robot performs random
point-to-point movements with randomly chosen points span-
ning almost the entire workspace, random velocities, random
accelerations and decelerations. Using this data collection pro-
cess, the final working data consists of 200 trajectories, each of
which lasts 30 seconds in average. Measurements are acquired
at 250Hz. This leads to a dataset containing 1,600,000 samples.
Typical one-minute proﬁlesEl of the torque and angular position
on axis 1 are shown in Fig[4]

The algorithm is applied using x = (¢, ¢, §) € R!? as features
vector where ¢ and ¢ are computed directly from the mea-
sured angular position thanks to its high precision. The label
is considered to be the current-induced evaluation of the con-
trolling torque T'; on each axis s € {l,...,4} as expressed by
the torque’s model as used by the control loop inside the robot.
This leads to four residual generation problems that all share
the same above mentioned 12-dimensional features vector x.

The available data has been partitioned into train dataset (10%,
namely 20 experiments) and test dataset (the remaining 90%,
namely 180 experiments). The feature matrix is first normalized
by the 99% percentile of their absolute values on the training
data and the same normalizing parameters are later applied to
the test data.

The initial size p of the hypercube used in algorithm, as de-
scribed in Section 3] is taken equal to 0.02 and when necessary
an increase rate of 1.2 is applied until the hypercube contain
Nmin = 100 instances. The fit over a hypercube is considered
to be admissible if the following condition holds on the fitting
error:

Mq [e()] := percentile(le(:),q)

< th 22
percentile(ly(),50) | o5 ~ =2

The numerical values has been omitted for industrial privacy reasons.
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Figure 4: Typical experimental profiles during one minute showing torque’s
and angular position’s evolution (axis 1).

where the following six possible values of the threshold:
th € {0.1,0.15,0.2,0.25,0.3,0.4} (23)

have been found appropriate after few trials on training data as
it leads to moderate number of models with quite small fitting
residuals (see hereafter). Notice that too small values of th
lead to too many failures in Step 4 of the algorithm (see Page[3)
while too large values yield worthless model showing too large
confidence intervals.

5. Results

Fig[5]shows the convergence results for the four fitting prob-
lems where the labels are T, s = 1,...,4 when the precision
threshold is fixed to th=0.3 [see @)]. Notice that since the
iterations involve random selection of hypercube centers, con-
vergence details varies among runs. The results shown in Fig[3]
are given for the sake of illustration of typical behavior.

Notice that the plots show two different y-scales. The decreas-
ing curves y-value, representing the percentage of the still un-
removed data, are to be read on the right side y-scale while
the increasing ones, representing the number of non zero co-
efficients already involved in the polynomial models, are to be
read using the left y-scale. The x-axis abscissa refers to the
number of polynomial models involved where the final value is
precisely n,, that is reported on Table [T} This table also pro-
vides the total number of non zero coefficients and the associ-
ated computation time for each axis, each threshold th.

Table [2] shows the normalized percentiles of residuals as de-
fined by (]2_7[) for g € {50, 80, 90, 95, 99} per axis and for all the
values of the precision threshold th belonging to the set defined
by (23). Notice that for g = 50%,90% and 99%, the residuals
percentiles that would have been obtained should the trivial set
of constant polynomials invoked in Remark [T]be used are given
after the | symbol.

The relevance of the precision reported in Table 2] are examined
via two means. In the first, comparison is done with the same

Convergence results / deg=3 / th=0.3
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20
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Figure 5: Convergence results for the four identification problems when the
precision threshold is set to th=0.3 and a polynomial degree=3 is used in (Z2).
Notice that the number of models increases as the iterations proceed as ex-
plained in Section[3}

th #models (n,,)  #coeffs cpu(sec) axis
0.4 2 55 15 1
0.4 3 72 15 2
0.4 4 112 22 3
0.4 3 95 19 4
0.3 3 74 16 1
0.3 5 150 20 2
0.3 7 242 27 3
0.3 5 146 22 4
0.25 4 116 20 1
0.25 6 159 24 2
0.25 5 168 22 3
0.25 9 271 33 4
0.2 6 135 28 1
0.2 9 262 38 2
0.2 13 424 33 3
0.2 13 380 40 4
0.15 13 387 39 1
0.15 10 276 40 2
0.15 16 534 41 3
0.15 20 556 53 4
0.1 22 585 63 1
0.1 29 871 78 2
0.1 19 621 60 3
0.1 32 869 86 4

Table 1: Characteristics (number of polynomials 7,,, total number #coeffs of
non zero coefficients) and computation times of the identified models for preci-
sion thresholds the {0.1,0.15,0.2,0.25,0.3, 0.4}. (cpu times are obtained on a
MacBook Pro, Apple M3 Pro, 18 Go RAM running on Sequoia 15.3.1).



Axis  th 50% 80% 90% 95% 99%

1 040 0.1211341 024 0292415 035 0472657
1 0.30  0.0916.71 0.19  0.26]12.1 032  046]13.2
1 025 0.08/447  0.17 0.23]805 027  0.38/8.85
1 020 0.06/2.68  0.13 0.191483 024  0.37]5.31
1 0.15 0.03j1.12  0.07  0.11]2.01 0.15 0.24|2.21
1 0.10  0.021064  0.04 0.06/1.15 0.09 0.16/1.26
2 040 0.13]6.80 025 0.33]1224 040  0.58]13.46
2 030 0.08/334  0.17 0.24/612 030 0.46/6.73
2 025 0.071272  0.17 0241490 030 0.47/538
2 020 0.0511.70  0.12  0.1713.05 022  0.36/3.37
2 0.15  0.04]1.51 0.10  0.142.71 0.18  0.3112.99
2 0.10  0.02/049 0.04 0.06/087 0.09 0.17/0.96
3 040 0.0911.64 0.19 0261296 032  0.44/3.25
3 030 0.04j082 0.08 0.121148  0.15 0.221.26
3 025 0.06/123  0.11 0.151222  0.19  0.27|2.44
3 0.20  0.03]0.41 0.08  0.111074  0.13 0.180.81
3 0.15 0.02/033 0.06 0.08059 0.10 0.14/0.65
3 0.10  0.0210.27  0.05 0.071049  0.08  0.12]0.54
4 040 0.102.09 020 0.26/3.76  0.31 0.4114.14
4 0.30  0.08/1.04  0.15 0.20/1.88  0.24  0.32]2.07
4 025  0.05/052  0.11 0.15/094  0.19  0.28/1.04
4 020 0.04/035 0.09 0.121063 0.14  0.2010.69
4 0.15 0.03j022 0.06 0.091040 0.11 0.16]0.44
4 0.10  0.02/0.14  0.04 0.06/024 0.08 0.12]0.27

Table 2: Residuals M, defined by Z2) computed on the unseen (test) experi-
mental data as achieved by the proposed piece-wise polynomial implicit model
which is fitted on 10% of the available data. For g € {50, 90, 99} the g-percentile
of the error, expressed by (6)), that would be achieved by the trivial solution un-
der uniform data distribution is given after the | symbol.

precision measures that is obtained using NN models (Section
[5.1). Then the resulting residual generators are used to detect
representative slight anomalies that are introduced in the data

(Section[5.2).

5.1. Precision comparison with DNN models

In order to assess the precision level of the resulting residu-
als generators, a comparison is proposed with the residuals that
might be obtained using a deep learning model involving gated
recurrent cells that is briefly described here for the sake of com-
pleteness. To our knowledge, such models are the most accurate
data driven models for learning the whole dynamics of a robot
that can be found in the literature. Gated recurrent cells such as
GRU and LSTM cells have been introduced to face traditional
vanishing and exploding gradient problems when learning deep
networks through long time-series. Such cells consists in com-
binations of neural layers, usually called “gates”, designed to
focus on relevant long term and short term dependencies and
ignore useless ones.

Whereas LSTM networks have a complex internal structure,
GRU are known for their lighter architecture which reduces
mathematical complexity and computational cost while lead-
ing to similar accuracy performances. Since we have performed
tests with both networks types that confirmed this result, we use
in this paper a model based on GRU cells. The mathematical

Model name seq-len #hidden dim #coeffs  cpu (hours)
DNN_128_32 128 32 31224 3h52
DNN_128_128 128 128 235128 5h43
DNN_1_32 1 32 31224 3h27
DNN_1_128 1 128 235128 3h40

Table 3: Characteristics and computation times of the built DNN models for
different hidden dimensions and seq-len. (cpu times are obtained on a Dell
PC, with Intel Core i7 vPRO processor, with 32 Go RAM and NVIDIA RTX
A2000 GPU, running on windows 10.

expression of GRU is recalled in the equations below

% =0 W + Uy + b2) (24)
re= 0 (Wox,+ Ush_y +by) (25)
Iy = tanh (Wyx, + Uy, (i1 © 1) + by) (26)
h=(1-2)0Oh_1+z0h 27)

where © is the element-wise product, tanh and o are respec-
tively the hyperbolic tangent and sigmoid activation functions
and W, U, W,,U,, Wy, U, b_, b,, by, are matrices and vectors of
weights and biases and z;, r,,E are the gates states that enable
to compute the hidden state /,. The deep learning model first
uses two layers of GRU cells to compute a hidden state which
is then fed to a dense layer which predicts a 4-th dimensional
vector representing the four torques 7, s = 1,...,4.

The models are implemented in PyTorch [[13] and trained to
minimize the negative log-likelihood of the normal distribution.
Optimization is performed using Adam with an exponentially
decreasing learning rate starting from 0.0001. A traditional 80-
20% split is made for train and test sets. Additionally, a small
validation set is created by taking a few samples from the test
set, in order to implement an early stopping mechanism that
allows us to limit overfitting. The networks are trained for a
maximum of 200 epochs, with batches of size 64.

In order to compare the proposed piece-wise polynomial im-
plicit models to DNN models, we tried a few different con-
figurations by tuning some hyper-parameters. Such as the
hidden_dim parameter that corresponds to the hidden state’s
dimension of the GRU cells (which strongly impacts the model
complexity) and the seq_len parameter that corresponds to the
length of the time series’ that are used as input sequences of the
DNN (setting seq-len to 1 is equivalent to use the same input
as defined in (7) while setting it to higher values corresponds to
add past features in the input).

Table [3] summarizes some of the tested DNN models and gives
for each the number of trainable parameters and training time.
These values are to be compared with the number of active co-
efficients and the computation times for the proposed structure
as shown in Table[l

Table [4] gives for each DNN models the obtained performance



Axis  Model name 50% 80% 90% 95%  99%

DNN_1_32 0.15 028 036 044 0.65
DNN_1_128 0.10 021 028 035 0.51
DNN_128_32 0.07 0.14 019 024 036
DNN_128_128 006 0.13 0.17 022 034

Proposed/th=0.20 0.06 0.13 0.19 0.24 0.37
Proposed/th=0.15  0.03 0.07 0.11 0.15 0.24
Proposed/th=0.1 0.02 0.04 0.06 0.09 0.16

— e e e e

DNN_1_32 023 040 053 070 1.17
DNN_1_128 012 026 037 047 0.71
DNN_128_32 0.08 0.16 023 031 054
DNN_128_128 005 013 017 022 035

Proposed/th=0.20  0.05 012 0.17 022 0.36
Proposed/th=0.15 0.04 0.10 0.14 0.18 0.31
Proposed/th=0.1 0.02 0.04 0.06 0.09 0.17

DNN_1_32 024 040 048 054 0.69
DNN_1_128 0.15 031 040 048 0.59
DNN_128_32 023 038 047 054 0.69
DNN_128_128 005 0.2 0.16 020 042

Proposed/th=0.20 0.03 0.08 0.11 0.13 0.18
Proposed/th=0.15 0.02 0.06 0.08 0.10 0.14
Proposed/th=0.1 0.02 0.05 0.07 0.08 0.12

DNN_1_32 034 059 071 079 0%
DNN_1_128 0.12 026 040 053 0.76
DNN_128_32 0.12 025 035 046 0.71
DNN_128_128 0.10 020 028 037 0.62

Proposed/th=0.20  0.04 0.09 0.12 0.14 0.20
Proposed/th=0.15 0.03 0.06 0.09 0.11 0.16
Proposed/th=0.1 0.02 0.04 0.06 0.08 0.12

AR PR PR PR PR PR LLLLVLLLW|NDNDNDNDNDNDN

Table 4: Achieved residuals Mq defined by @), for g € {50%, 80%, . ..,99%}
by the DNN architecture and the proposed piece wise polynomial model on the
test experiments.

metrics expressed in terms of the M, measure as defined by (3)
together with the corresponding performance of the piece-wise
polynomial structure, already shown in Table 2} that are incor-
porated for the sake of easiness of comparison. For the sake of
completeness, Table 5] provides the values of more traditional
metrics such as the mean absolute error (MAE) or the mean
squared error (MSE) for the previously presented polynomial
models and the best DNN model that we have identified.

Discussion

The results clearly show that the precision achieved by the pro-
posed structure and algorithm are quite competitive compared
to the DNN alternative while requiring computation times that
are drastically shorter. The parsimonious number of active (non
zero) coefficients shown in Table[T} compared to the huge num-
ber of coefficients for DNN as shown in Table [3| should inspire
higher confidence in terms of extrapolation ability. Table [3]
shows that it is possible to achieve the precision of the best
DNN model with a piece-wise polynomial implicit models in-
volving n,, = 6 sub-models for axis 1, n,, = 9 sub-models for
axis 2, n,, = 5 sub-models for axis 3 and n,, = 3 sub-models for
axis 4.

Axis  Model MAE MSE Ny
1 DNN_128_128 0.036 2.1x107° -
1 Proposed/th=0.40  0.063 6.5x 1073 2
1 Proposed/th=0.30  0.053 49x107% 3
1 Proposed/th=0.25 0.047 3.7x1073 4
1 Proposed/th=0.20  0.036 2.6x1073 6
1 Proposed/th=0.15  0.021 2.0x1073 13
1 Proposed/th=0.1 0012 40x10™% 22
2 DNN_128_128 0.021 9.0x10™* -
2 Proposed/th=0.40  0.039 2.6x1073 3
2 Proposed/th=0.30  0.027 14x1073 5
2 Proposed/th=0.25 0.026 13x1073 6
2 Proposed/th=0.20  0.019 74x10™* 9
2 Proposed/th=0.15  0.015 4.0x10™* 10
2 Proposed/th=0.1 ~ 0.007 4.0x10™* 29
3 DNN_128_128 0.008 14x10™% -
3 Proposed/th=0.40  0.012 2.4 x107* 4
3 Proposed/th=0.30  0.005 5.1x107 7
3 Proposed/th=0.25 0.007 8.8x107 5
3 Proposed/th=0.20 0.004 3.8x 107 13
3 Proposed/th=0.15  0.003 22x107° 16
3 Proposed/th=0.1 ~ 0.002 1.6x107 19
4 DNN_128_128 0.005 57x107° -
4 Proposed/th=0.40  0.004 3.9x107 3
4 Proposed/th=0.30  0.004 2.3 x 1073 5
4 Proposed/th=0.25  0.003 1.4 x 1073 9
4 Proposed/th=0.20 0.002 7.9x10°° 13
4 Proposed/th=0.15  0.002 4.5x10% 20
4 Proposed/th=0.1 ~ 0.001 23x107% 32

Table 5: Comparison of polynomial models and deep learning models with
conventional metrics.



5.2. Example of use in anomaly detection

In this section, an example of use is shown where the models
developed are leveraged in order to perform anomaly detection
and localization in the 4-axis manipulator robot. First of all, the
three anomalies that are introduced for the sake of illustration
are described before the behavior of the residuals generated by
the implicit piece-wise polynomial-based models are examined.

5.3. The Introduced defaults

Recall that each of the models developed earlier provides a
residual generator for the axis for which it has been identified.
This residual takes the following form at each instant :

e(y(®), x(1)) (28)
where y stands for the torque applied to the specific axis while
x € R!? is the feature vector that has been previously described.

The principle of the validation that is provided in the present
section is to focus on the set of anomalies/defaults that translate
into variations, denoted by e,, of the applied torque y. There-
fore, by examining the associated residual:

e(y(1) + ey(), x(1)) (29)
one can check whether it is possible to detect these anoma-
lies/defaults using the identified piece-wise models. Moreover,
one can also examine whether a default on one axis triggers
significant increase of the residual, only on the specific axis on
which the default is introduced and not on the others. If such
is the case, then not only can the fault be detected but it would
also be localized among the four axis.

Three different anomalies are introduced hereafter, namely:
— A relative error on the torque:

ey =A, Xy 30)

— A friction induced default leading to error e, expressed by:

ey = /lf X gi 3

where i is the axis number.

— A constant bias on the torque representing current sensor
default:
ey = A (32)
These errors have been introduced on the test dataset at three
different intervals as shown in Fig[f] Then Figures show
zooms on these three intervals in order to show the rather small
and barely perceptible differences between y and y + e,

10

r th axis n Figure
2 01 1 0.016  Fig.[10}(a)
3 01 1 0.015  Fig.[TOMa)
2 03 1 0.071  Fig.|10K(b)
303 1 0.066  Fig. [T0H(b)
2 01 2 0.010  Fig.[l1[(a)
3 01 2 0.009  Fig.[[THa)
2 03 2 0.035 Fig. |L1K(b)
3 03 2 0.033  Fig.[T1H®b)

Table 6: Values of the alarm firing threshold n computed according to @) for
different values of the moment r, for axis 1 and 2 and different values of the
{0.1,0.3} used to fit the model. The corresponding figures relevant to the each
threshold are also mentioned int he last column.

5.4. Anomalies detection results

The detection results when the three defaults are introduced on
Axis 1 are shown in Fig[T0|for the two identified models corre-
sponding to th=0.1 and th=0.3 respectively. A moving aver-
aging window of length 10000 is used in order to more clearly
see the increase of the residual statistics. Notice for instance
that a 10% relative error leads to 250% increase on the level
of implicit residual value. Moreover, it can be observed that
when the error affects Axis 1, the residual of the other axis are
unchanged.

The same results are shown in Fig[IT] when the same defaults
are introduced on Axis 2. Here again, a drastic amplification is
operated on the residual of Axis 2 while the remaining axis’s
residual remain unchanged.

Table 6] gives the alarm firing threshold 5 defined by (2)) for the
residual generator associated to axis 1 and 2 and the {0.1,0.3}
clearly showing that the residual bursts shown in Figures|10jand
[[T]would have been appropriately detected with with almost no
harmful level of false alarm.

6. Conclusion and future works

In this paper, an implicit piece-wise multi-variate polynomial
structure and an associated fitting algorithm are proposed to
capture the normality of non-linear dynamical systems. The
framework is applied to the challenging case of a multi-link
manipulator robots and the results, obtained using real-life ex-
perimental collected data, in terms of precision are compared
to the state-of-the-art DNN showing competitive performance
both in terms of precision, computation time and sparsity. The
use of the so defined normality characterization in achieving the
task of anomaly detection also shows promising results.

Despite these encouraging results, the algorithm in its current
setting shows some issues that need to be investigated in fu-
ture works. Indeed, the algorithm is not fully automated in the
sense that few trials are needed to properly determine the inter-
val of appropriate values of the threshold th and the degree of
the polynomial to be used. Moreover, when several candidate



solutions involving different pairs of (threshold, degree) are el-
igible, it is not clear what is the best one to be used. This is
because lower th induces higher number of models n,, leading
to antagonistic effects on the detection rate.

Undergoing investigation concerns also the collection of real-
life failure induced measurements in order to assess the ability
of the resulting residual generators to address the problem of
detecting real-life various and unexpected anomalies manipula-
tor robots. On the other hand, the application of the method-
ology sketched in the current contribution to other application
domains is under investigation.
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Default on Axis 1 Nominal trorque and modified torque

—y
—— y-+error

Figure 7: Zoom on the interval where the first default is introduced (relative
error) Showing y and y + ey. This corresponds to the case where 4, = 10% in
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Default on Axis 1 Nominal trorque and modified torque

Figure 8: Zoom on the interval where the second default is introduced (friction
induced error) Showing y and y + ey. This corresponds to the case where Ay =

0.1in @T).

Default on Axis 1 Nominal trorque and modified torque

Figure 9: Zoom on the interval where the third default is introduced (constant
bias) Showing y and y + ey. This corresponds to the case where 4, = 0.12 in
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(a)

Axis residuals when for defaults impacting axis 1 / models using th=0.1

— Residual axis 1
Residual axis 2
— Residual axis 3
— Residual axis 4

0.04

(b)

Axis residuals when for defaults impacting axis 1 / models using th=0.3

Residual axis 1

Residual axis 2
~—— Residual axis 3
~—— Residual axis 4

Figure 10: Detection results when the defaults are introduced on Axis 1. (a)
Model with th=0.1 (n,, = 22 for Axis 1, see Table [5)) and (b) Model with
th=0.3 (n,, = 3 for Axisl, see Table[5). Notice how the residual is increased
only for the axis where the defaults are introduced. Notice that the alarm thresh-
old 7 computed from (2) for r = 2 is equal to 0.16 for (a) and 0.07 for (b).



(a)

Axis residuals when for defaults impacting axis 2 / models using th=0.1

Residual axis 1

Residual axis 2

— Residual axis 3
Residual axis 4

0.2M 0.4M 0.6M 0.8M ™M 1.2m 1.4M

(b)

Axis residuals when for defaults impacting axis 2 / models using th=0.3

—— Residual axis 1
Residual axis 2

— Residual axis 3
— Residual axis 4

Figure 11: Detection results when the defaults are introduced on Axis 2. (a)
Model with th=0.1 (n,, = 29 for Axis 2, see Table [5) and (b) Model with
th=0.3 (n,, = 5 for Axis 2, see Table[5). Notice how the residual is increased
only for the axis where the defaults are introduced. Notice that the alarm thresh-
old n computed from @) for r = 2 is equal to 0.01 for (a) and 0.035 for (b).
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