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Probabilitic Certification:

A general framework to face high uncertainties and still have
something to guarantee with an explicit (hopefully high)
probability.

THIS TALK
Explain the framework of Probabilistic Certification through the

example of combined therapy of cancer using highly uncertain
population models.
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1 tumor cell population

To circulating lymphocytes population

T3 chemotherapy drug concentration

T4 effector immune cell population

Ts5 quantity of already delivered chemo drug
Ze quantity of already delivered immuno drug
7 remaining time for therapy

uy rate of introduction of immune cells

up  rate of introduction of chemotherapy
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Ts5 quantity of already delivered chemo drug
Ze quantity of already delivered immuno drug
7 remaining time for therapy

uy rate of introduction of immune cells
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> duty ratio v € [0,1]
» updating period T

M. Alamir, Working meeting (Sysco) Probabilistic Certification



Problem

I =a1:1(l — b:cl) — c17471 — k3z3T

To = —0xo — koT3To + So

T3 = —"Y0T3 + U2

. Z1

Ta=9p— o Tq — T4 — PoTaT1 — k1T4T3 + s1U1
Ty =1u; ; z5(0) =0

Tg =1up ; z6(0) =0

T7=—1 ; z5(0) =T
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To circulating lymphocytes population

T3 chemotherapy drug concentration
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Time structure of the drug's delivery
> duty ratio v € [0,1]
» updating period T

Problem Design a feedback that contracts the tumor (x;) while
keeping the health (x2) above above some threshold x3""
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Problem

Problem Design a feedback that contracts the tumor (x;) while

keeping the health (x2) above above some threshold x3""
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Reduce Hospitalization Reduce Drug's use
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Problem

Problem Design a feedback that contracts the tumor (x;) while

keeping the health (x2) above above some threshold x3""
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Reduce Hospitalization Reduce Drug's use
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Despite the very bad knowledge of the parameters

param value param value param value

a 4.31 x 1072 day ™! b 1.02 x 107 cell™* ¢ 3.41 x 107 (cell - day) !
f 4.12 x 1072 day ! g 1.5 x 1072 day ! h 2.02 x 10* cell?

k2, ks 6x 107! day~? k1 8 x 107! day™! Po 2 x 107 (cell - day)~*

51 1.2 x 10* cell - day™* sz 7.5 x 108 cell - day™ & 1.2 x 1072 day !

5 0x 107! day™*
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Problem

e M)
Problem Design a feedback that contracts the tumor (x;) while
keeping the health (x2) above above some threshold x3""

\ e J
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e = — N
Version 1 Version 2
Reduce Hospitalization Reduce Drug's use
= J

Despite the very bad knowledge of the parameters

param value param value param value

a 4.31 x 1072 da:

x 10710 (cell - day)~*

f 4.12 x 1072 da > x 10" cell®
PN tar el . patient-dependent parameter [liptaeSpEmees
51 1.2 x 10? cell - a x 1072 day ™!

5 0x 107! day™*

] [ =
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Controller

Assume that a 0 .-parametrized
controller has been designed:

u(kt+t) = K(x(kT),0.) tel0,7]
Oc:= (B, r,a)
Consider the protocol parameters:

ep = (NT777’YC7 D17 D2)

N7 Number of periods

¥ The duty ratio

Ye The contraction factor

D;  Available quantity of drug 1
D,  Available quantity of drug 2

[ 0 =(6c,6p) ] Design parameter
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Controller

Assume that a 0 .-parametrized
controller has been designed:

u(kt+t) = K(x(k7),0.) te[0,7]

Oc:= (B, r,a)
Consider the protocol parameters: goFumor (cell) Cire, lymphocytes (cell
. g
ep = (NT777’YC7D17D2) 4
0.8
Nt Number of periods 2 06
v The duty ratio TLLVVV VY
Ye The contraction factor 0 %0 10 60 "0 30 10 60

D;  Available quantity of drug 1
D,  Available quantity of drug 2
D; = 75% (of available)

Results with | o = 0.5
[ 0 =(6c,6p) } Design parameter v =04
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Controller

Assume that a 0.-parametrized
controller has been designed:

u(kt+t) = K(x(k7),0.) te[0,7]
Oc = (B,r,a)

Consider the protocol parameters: qgormor (cell) Cire. lymphocytes (cell)
1
ep = (NT7 Y5 Ve Dl-/ DZ)

0.8

N7 Number of periods

o The duty ratio

Ye The contraction factor

D;  Available quantity of drug 1
D,  Available quantity of drug 2

D; = 75% (of available)
Results with | o = 0.5
[ 0= (05, GP) } Design parameter v=0.7
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Controller

Assume that a 0 .-parametrized
controller has been designed:

u(kt+t) = K(x(kT),0.) te]0,7]
Oc = (B, r,a)

Consider the protocol parameters: gormer (cell Cirg. Lymphocytes (cell
QP = (NT7 77 VC: D17 D2)

Nt Number of periods

~ The duty ratio

Ye The contraction factor

D;  Available quantity of drug 1
D,  Available quantity of drug 2

D; = 75% (of available)
Results with | o = 0.1
[ 0= (6c,6p) ] Design parameter v =0.4
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Controller

Assume that a 0 .-parametrized
controller has been designed:

u(kt+t) = K(x(kT),0.) te]0,7]

Oc = (B, r,a)
Consider the protocol parameters: gormor (cell) Cirg, Lymphocytes (cell)
1
0,0 = (NT777’YC7D1aD2) 4
0.8
N7 Number of periods 2 0.6
v The duty ratio | N | MWl
Ye The contraction factor I = 0.4

) . 0 20 40 60 0 20 40 60
D;  Available quantity of drug 1

D,  Available quantity of drug 2
D; = 50% (of available)
Results with | a = 0.5
[ 0= (6c,6p) ] Design parameter v=0.7
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Assume that a Gc—parametr|zed - alesemalan: resulis Ul
controller has been designed:

u(kt+t) = K(x(k7),0.) te]0,7]

Oc:= (B, r,a)
Consider the protocol parameters: jgerumor (cell) Cirg, Jymphocytes (csll)
1 :
ep = (NT7777C7D17D2) 4
0.8
N7 Number of periods 2 0.6
o The duty rato | Nl | LM W
Ye The contraction factor [ = 0.4 ‘

) . 0 20 40 60 0 20 40 60
D;  Available quantity of drug 1

D,  Available quantity of drug 2
D; = 50% (of available)
Results with | o = 0.5
[ 0= (95, 9,,) } Design parameter ~v=0.7
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Controller

Assume that a 0.-parametrized

How to certify that Vp € PP
controller has been designed: ow to certify that Vp

x1(T0, p) = vex1(0) <0

U(kT+t) = K(X(kT),HC) te [077—] max; [szin — X2(t|9,,0)] <

Oc:= (B, r,a)
Consider the protocol parameters: jgerumor (cell) Cirg, Jymphocytes (csll)
1
(9,0 = (NT7777C7017D2) 4
0.8
N7 Number of periods 2 0.6
o The duty rato | Nl | LM W
Ye The contraction factor [ = 0.4

) . 0 20 40 60 0 20 40 60
D;  Available quantity of drug 1

D,  Available quantity of drug 2
D; = 50% (of available)
Results with | @ = 0.5
[ 0= (95, 9,,) } Design parameter ~v=0.7
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Controller

Assume that a 0.-parametrized
controller has been designed:

u(kt+t) = K(x(k7),0.) te]0,7]

(Vp e P)
Oc:= (B, r,a)
Consider the protocol parameters: jgerumor (cell)

(9,0 = (NT7777C7017D2) 4

N7 Number of periods 2

o The duty ratio

Ye The contraction factor 05010

D;  Available quantity of drug 1

D,  Available quantity of drug 2

Results with

How to find # such that we
can certify that:

g(0,p) <0

Circ. lymphocytes (cell)
1 108

0.8

0.6

[ 0= (95, 9,,) } Design parameter

60 0'40 20 40 60

D; = 50% (of available)
a=05
v=0.7
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Certification

0 satisfying the constraints may not be unique

4

Optimal Robust constraints satisfaction problem

i . P <
minJ(#) st (vpeP) g(f,p) <0
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Certification

0 satisfying the constraints may not be unique

4

Optimal Robust constraints satisfaction problem

i . P <
minJ(#) st (vpeP) g(f,p) <0

‘ Version 1: J(0) =«
‘ Version 2: J(0) = a1 Dy + a2 Ds

!
J() = Co
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Certification

0 satisfying the constraints may not be unique

4

Optimal Robust constraints satisfaction problem

min J(0) s.t (VvpeP) g(0,p) <0

9o
| J(6) =~
‘ J(6) = cuD1 + 02D,
\
J(6) = Co

> Extremely hard to solve
> Uselessly conservative

» worst case analysis
» even extremely rare bad configurations are accommodated for
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Certification

0 satisfying the constraints may not be unique

4

Optimal Robust constraints satisfaction problem

min J(0) s.t (VvpeP) g(0,p) <0

9o
| J(6) =~
‘ J(6) = cuD1 + 02D,
\
J(6) = Co

> Extremely hard to solve
> Uselessly conservative

» worst case analysis
» even extremely rare bad configurations are accommodated for

Relaxed formulations = Probabilistic certification
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Certification

Define the constraints violation indicator:

0 if g(p,0) <0
1 otherwise (constraints are violated)

1(6, p) := {
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Certification

Define the constraints violation indicator:

0 if g(p,0) <0
1 otherwise (constraints are violated)

1(6, p) := {

Robust constraint: (VvpeP) g(0,p) <0
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Certification

Define the constraints violation indicator:

0 if g(p,0) <0
1 otherwise (constraints are violated)

1(6, p) := {

First Relaxation (Ry): Pr{/(a, p) = 1} <n
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Certification

Define the constraints violation indicator:

100, p) := 0 if g(p,0) <0
P11 otherwise (constraints are violated)

First Relaxation (R;): Pr{ 2 p) = 1} <7

Second Relaxation (Rz(N)): NZ 9, pt % n
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Certification

Define the constraints violation indicator:

100, p) := 0 if g(p,0) <0
P11 otherwise (constraints are violated)

First Relaxation (R;): Pr{ 2 p) = 1} <7

Second Relaxation (Rz(N)): NZ 9, pt %

For any given m, N must be sufficiently high yo get:

N = m/n
Pr{(R(N)) N ('R1)} <6
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Certification

Define the constraints violation indicator:

0 ifg(p,0) <0
1 otherwise (constraints are violated)

1(0,p) := {

First Relaxation (Ry): Pr{/(a, p) = 1} <n
N
. _ 1 ; m
Second Relaxation (Rz(N)): N,E:1 [/(G,p( ))] < N <

For any given m, N must be sufficiently high yo get:

N> m/n (n, 6)=(precision,confidence)
Pr{(R(N)) N ('R1)} <6
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Certification

Define the constraints violation indicator:

0 ifg(p,0) <0
1 otherwise (constraints are violated)

1(0,p) := {

First Relaxation (Ry): Pr{/(a, p) = 1} <n
N
. _ 1 ; m
Second Relaxation (Rz(N)): N,E:1 [/(H,p( ))] < N <

For any given m, N must be sufficiently high yo get:

N> m/n So how much for N?
Pr{(R(N)) N ('R1)} <6

M. Alamir, Working meeting (Sysco) Probabilistic Certification



Certification

When the admissible set © is discrete with cardinality ng

N > E (m—|— In(n?@) + <2m|n(n;)>1/2>

/r} s

m positive integer (m = 1,5,10 etc.)
ne  card(©)

n Precision (n = 1072,1077)

) Confidence parameter (§ < 1073)

ne n=01 =005 n=001 =»=0.001

1 132 264 1317 13164 NOTA

i 14 - i o » dim(p) does not matter !!!!
10 163 326 1628 16280

100 193 386 1930 19299 > (ne,d) — logarithmically !!
1000 223 445 2225 22249

10000 252 503 2515 25148
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Application / cancer problem:

» Precision n = 1072
» Confidence § = 101
> m= 1
> ng = 576

— N = 2155

— # simulations = 1,241, 280
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Uncertainties Min drug Min Hospitalization
B=1.05 B=1.05
Application / cancer problem: T:_O(f: r i‘;‘z
[~10%, +10%) a=" a=m
v=0.8 v=03
» Precision n = 1072 S Nr =4
1 d = 0.25 d=0.75
» Confidence § = 10 o 105 o=
> m:]. r=0.25 r=0.5
a=0.5 a=05
—20%, +20%
» ng =576 R0 os y=03
Nr =4 Nr =4
- N—2155 d=05 d=0.75
8= B=2
— # simulations = 1,241, 280 =005 r=025
(—a0%, +80%) | ©= 98 e
v=0.8 =0.5
Nr =6 Nr=6
d=0.5 d=1
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Results

Uncertainty [-20%,+20%)], Min Drug

Uncertainty [-20%,+20%], , Min Hospitalization

Dy /a5(T)
« Dy/ag(T)

1

minger [€2(t) /Cnin)
e

Dy/x5(T)

Dy /x6(T)

Tumor contraction .l'l(T)/.l'l(())‘

mineer [2(t) /Cin]

Tumor contraction x

(T)/1(0)

(b) Uncertainty [—20%, +20%)
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Uncertainty [-40%,+80%], Min Drug

Uncertainty [-40%,+80%], , Min Hospitalization
Dy/x5(T) Dy/x5(T)
wll + Daofae(T) ] wt] + Dofao(n) |
miner [22(t) /Comin) ‘ mineer [x2(t) /Crmin)
=% =%
1 -1
’ LUfum(.;r ('olv;trﬂctd'ou 11(T)/11(()) ) ! ;.I‘lllll(';l' coﬁtrac&ou 11(T)711((i) ;
(a) Uncertainty [—40%, +80%)]
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Successful use on

» Cancer treatment
» Anesthesia (up to 600% of parameter variation)

» EV charging station in smart district

> It is the ends of robust control in traditional sense

» All Market assessments are based on probabilities

» As everybody knows: the O-risk is not of this world !

» The knowledge of statistic of p underlines everything

» Maybe some preliminary research on this has to be done

» Good news: In your case, data is available !!!
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