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Re-injecting structure in NMPC
Motivation

Recall on NMPC

» At instant ¢, solve a constrained open-loop optimal control
problem J(z(t), ws, tyi1, -+, Uy n)

» Apply the first part i,(x(t)) over the sampling interval

[t,t+1].

At instant t 4 1, solve J(z(t + 1), w1, - o, UrsN41)

Apply Gy y1(x(t + 1)) during [t + 1,¢ + 2]

etc.

State feedback @.(x(-))

vV v v v

General formulation + General solver
— “Plug and Play" controller ...7
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Re-injecting structure in NMPC
Motivation

Risk of instability
Minimal sampling period

Maximum admaissible sampling time
Maximum admissible risk

Exploiting problem’s
particularities

Genericity
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Re-injecting structure in NMPC
Motivation

Better algorithms
Faster machines

Market pressure
Faster systems

Exploiting problem’s
particularities

Genericity
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Re-injecting structure in NMPC
Motivation

This works uses the snakeboard as an example to illustrate how
the structure of the system can be exploited as far as possible
before the optimization problem to be used in NMPC-framework
is defined in order to obtain an almost instantaneously
tractable optimization problem.

Satellite in failure mode
(J. of Dyn. Syst. Meas. and Control 2003, J. Optim. in Engineering 2003)

The minimum interception time problem
(Control Engineering practice 2000)

Nonholonomic systems

(J. of Optim. & Appl. 2003 / Automatica 2003)
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Re-injecting structure in NMPC
Motivation

Outline

Motivation

Problem statement : The snakeboard
First contact
Bibliographical notes

Structure’s analysis : The basic idea
The feedback law : a finite state machine
Simulation results

Future work
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Re-injecting structure in NMPC
Problem statement : The snakeboard
First contact

The snakeboard

k

A snakeboard "without rider"

Conservation of the angular momentum
No slip at the wheel level

Regulated variables (x, v, 9)
Configuration variables (w, gb)

Control input (uw,u¢)

www.mech.northwestern.edu
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Re-injecting structure in NMPC
Problem statement : The snakeboard
Bibliographical notes

Bibliographical notes (1)

(Lewis, A. et al.) "Nonholonomic Mechanics and locomotion : the snakeboard Example"

IEEE Int. Conf. on Robotics & Automation (1994)

Original principle of nonholonomic locomotion

>
» First model

» Analysis of open loop cyclic gaits
>

Local controllability except for isolated singular
configurations

(Ostrowski, Burdick) " Controllability Tests for Mechanical Systems with Constraints and
Symmetry" J. of Appl. Math. and Comp. Sc. (1997)

» Achieving controllability proof.
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Re-injecting structure in NMPC
Problem statement : The snakeboard
Bibliographical notes

Bibliographical notes (2)
(Ostrowski) "Steering for a Class of Nonholonomic Systems" IEEE Trans. on Automatic
Contr. (2000)

» Steering trajectories based on small amplitude, short period
cyclic inputs.

(Vela, Burdick) " Control of Biomimetic locomotion via averaging theory" ICRA (2003)

» Averaging cyclic behavior
» Average stability via state feedback

(Tannitti, Lynch) " Ezact Minimum Control Switch Motion Planning for a Snakeboard"
IROS (2003)

» Switching between two vector fields

System at rest at switching instants
Minimizing the number of switches
Connecting sub-curves computed geometrically
Handling constraints by time scaling

No feedback.
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Re-injecting structure in NMPC
Problem statement : The snakeboard
Bibliographical notes

This work

v

Oscillation free solution (at least a priori)
Constrained state feedback (Path planning+NMPC)

v

v

Path planning <+ Solving LP problems

» Fast computation
» Easy extension to obstacle avoidance context

Minimizing spatial excursion in the (x — y) plane

v

v

Assignable maximum number of switches

v

Scalar on-line optimization problem for NMPC
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

x cosf —sinf 0\ [2cos®¢
] = sind cosf O 0 13
0 0 0 1 sin(2¢) )
. Jpoo . y S
& = (72m2 > ‘tang 5
up = 2Jué
Jr
u = Jy [(1 — —>sin 2 p)ib + 2¢€ cos (;5}
m?

Control task

Transfer the system from (7o, 9o, 6o, {0, (0, o) to the desired value
(0,0,0,0, %, *) using feedback (uy, uy) s.t

wi(t) € [—ul™™®, +ul*] Yt
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

T cosf —sinf 0\ [2cos®¢
gl = |[sind cos® 0 0 13
0 0 0 1/ \sin(2¢)
f = (f j > -tan ¢ s
u = 2Ju¢
Jr
u = Jy [(1——S|n D)) + 2¢¢ cos? (;5}
m?

Analysis (1)

» Kinematic stage

» Dynamic stage

(Classical when using Lie-Group related modelling tools)
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

x cosf —sinf 0\ [2cos®¢
] = sinf cosf O 0 13
0 0 0 1 sin(2¢)
£ = (- 5¢) - tan ¢ ’
(e
up = 2Jy¢
gy -
w o= J, [(1——S|n O) + 20 cos? ¢}
m?2

Analysis (2)

(i’) 2 (cos 9) 0
]j o tangb sind

Nonholonomic constraint : Constraint on velocities that is not de-
rivation of constraint on position.
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

x cosf —sinf 0\ [2cos®¢
] = sinf cosf O 0 13 ~¢
0 0 0 1 sin(2¢)
¥
- J.o . " o “‘ 0
& = (7 2m?2 > ‘tang 5
up = 2Jué
Jr
u = Jy [(1 — —>sin 2 p)ib + 2¢€ cos (;5}
m?

Analysis (2) : Under constant ¢

Az 2 A(sin )

Ay)  tang \—Acosb
Variations on (7, §) are independent on the path used to join two
values #; and 6,.
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

02

01

-
A\
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

02

o~
N\

@ b1

{

ANE AN 2
Alﬂ) T tan ¢ (F(B,,Gz))
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

x cosf —sinf 0 2 cos? ¢
i = sinf cosf O 0 13
0 0 0 1) \sin(2¢)
: Jr o y
¢ = (—550+6€) tano
Uy = 2,],“,(';5
J,
w = J [(1——sm )b + 20¢ cos? ¢}
m

Analysis (3)

K-

=0

-

le=o

Under zero &, the regulated configuration is invariant Vo(-)
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

02

o~
N\

@ b1

{

ANE AN 2
Alﬂ) T tan ¢ (F(B,,Gz))
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

02

01

f P2

\_
b1
7

ANE AN 2
Alﬂ) T tan ¢ (F(B,,Gz))
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

01

02
N\
b1 ‘¢2

( T
20 - (reeo) | (3= ©)
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

02

01

( T
20 - (reeo) | (3= ©)
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

02

01

3 L P2 /’\
e
21;) - taf¢l (F(e,,az)) ﬁg) - (8) ‘ ﬁi?) = taf% (F(ez,as))
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Re-injecting structure in NMPC

Structure’s analysis : The basic idea

Mode 1

§¢2

A feedback controller K1 (-)
that stabilizes (&, ¢)
around (0, ¢»;) while
respecting the saturation
constraints.

Moreover, K1 (-) leaves
{& = 0} invariant.

M. Alamir & F. Boyer (—)

{ —\

Az 2 AT
ALZU) T tan ¢, (F(Ol,Oz)) Ay

-] G- ()

Sept. 7-9 Heidelberg 2005

Re-injecting structure in NMPC

14
23/



Re-injecting structure in NMPC
Structure’s analysis : The basic idea

Mode 2

§¢2

A feedback controller Ko(-)
that stabilizes (6, &, @)
around (6;41,0, ¢;) while
respecting the saturation
constraints.

Moreover, K2(-) leaves
{® = ¢;} invariant.

M. Alamir & F. Boyer (—)

{ —\

Az 2 Az
ALZU) T tan o, (F(Ol,Oz)) Ay

-] G- ()
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

02

01

3 L P2 /’\
e
21;) - taf¢l (F(e,,az)) ﬁg) - (8) ‘ ﬁi?) = taf% (F(ez,as))
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Re-injecting structure in NMPC
The basic idea

Structure’s analysis :

1 . =
3 . ? ﬁi) = X|Fe.0mn]
‘ | ‘ i—1
’\ L ‘ o 2
‘ /'\ Yi T Yan bi

(

Az 2
Avy)

M. Alamir & F. Boyer (—)

tan ¢

— 7
)| 00| (8-

Azy tan ¢o
Re-injecting structure in NMPC

(F(QQ, 93))
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

93 Given a sequence

o : 0. a 61 = 6o
T “Si—1 0, = 0 (mod 2m)

,\ o f , Va1
: N\ ‘ Vi = tan ¢;
o)) M (©) Non singular
D1 ‘
3 L P2 /f\
e D
2':;) - mfd)l (F(o,,az)) 2“;) = (8) ‘ 22;) = taj¢2 (F(02,03)>
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

O(t,p,0°) := 2p 1w + (0° — 2p m)e ot
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Re-injecting structure in NMPC

Structure’s analysis : The basic idea

M. Alamir & F. Boyer (—)

Re-injecting structure in NMPC

o -
- T 0

- — 27
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

e . — 27

O(t,p,0°) := 2p 7 + (0° — 2p w)e ot 4 poe ot (1 — 67)‘”)
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Re-injecting structure in NMPC
The basic idea

Structure’s analysis :

p € {—2m, 0,27} X [—p5"*", +p5" ]

- v1
7)) = [Mwoen)
Vg1
. 2
vi= tan ¢),
M (©) Non singular

—

e

ANE AN 2
Ay) T tan gy

M. Alamir & F. Boyer (—)

(F(o, , 92>) ~

Re-injecting structure in NMPC

Anz\ 2
A2y ) tan ¢o

(F(QQ, 93))
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

Az U1
S - | (&) = vwen] |
i i i Vg—1
AN o
’ f\ ‘ vi= tan ¢),
o)) b M (©) Non singular
AR
. o . N z0 on ~
o(p,x”) = arg min [7 Z u,] under <;le> + M (p,0”)0 =0

i=1
‘LP Problem ||'l~1||'>o S VUmax
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Re-injecting structure in NMPC
The basic idea

Structure’s analysis :

O3

p(z°) := arg IIlgIl J (xo, o(p, :L‘O))

Weighted excursion in the
(z,y,0) plane

7)) = [Mwoen)
. 2
- tan ¢,

M (©) Non singular

’Uq_]

Vi

N oy . . o
o(p, x”) = arg min [ Z

M. Alamir & F. Boyer (—)

q

i=1

Ui

]

z0 o
under (§0> + M(p,6”)o =0
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

03 p(2°) := arg min J(xo, o (p, xo))
P
02

Weighted excursion in the
91 (i$ ga 0) planc

p € {—2m,0,27} X [—p5***, p5yre”]

; ; ; Generation of Open-loop

/\ ; “steering trajectories”

3 scalar optimization problems.
qb i i i The cost function is obtained
b1 : : by solving an LP problem.

g =0
O o = i - U; x 0y & =
o(p,x”) 1= arg min [ ;21 vl} under (,7]0) + M(p,6”)o =0

19]loc < Vmaw
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

2] p(zh) 0

Receding Horizon Implementation
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

2] p(zh) 0

Receding Horizon Implementation
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

3
:\/\/\ p(z?):

: update the OL trajectory

Receding Horizon Implementation
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Re-injecting structure in NMPC
Structure’s analysis : The basic idea

3
:\/\/\ p(z?):

: update the OL trajectory

é‘ ! ! : \Ede 1
Mode 2

Receding Horizon Implementation
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Re-injecting structure in NMPC

The feedback law :

Mode 1

K1

M. Alamir & F.

Use the feedback

a finite state machine

‘/1(x¢)<5\

[End of mode 1

Mode 2

Use the feedback
Ko with ¢?
to reach 94

to reach ¢?

target (%, 04)

Vo(x, pa,0) < e

End of mode 2
Compute p(x)
using the
current state

Sept. 7-9 Heidelberg 2005
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Re-injecting structure in NMPC
The feedback law : a finite state machine

Vi(x, p?) = ulax{|(/) — @9, ](/)|, \£|}
Va(z, ¢, 0%) = 1nax{|6’ — 04, |£|}

Vi(x, ¢d) < 5\

[End of mode 1

Mode 1

Use the feedback
K, to reach ¢

Mode 2

Use the feedback
Ko with ¢?
to reach 94

target (¢, 69)

Va(zx, pa, 07) < e
End of mode 2

Compute p(x)
using the
current state
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Re-injecting structure in NMPC
Simulation results

Handling Constraints
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Re-injecting structure in NMPC

Simulation results

Handling Constraints

M. Alamir & F.

T

Y T
25 2 T T T
2 2
a
15, 15 c
1 1
25
05 05
o 0
2
05, o
5 10 15 2 =25 5 10 15 20 25
0 (deg) ¢ (deg)
50 50 !

o
0% o 15w = O T T )
0.5
Uy U2
1
B
5] 5
ll 15
| o
5| 5 2|
= i ; ;
o 5 1o 15 0 25 o5 10 5 2 o5 1 15 2

Boyer (-)

uf

max

:u2

mar 8

Re-injecting structure in NMPC
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Re-injecting structure in NMPC
Simulation results

Handling Constraints

25 2 - - T
2 2
Ak
5 15
1 1
25
~ Osl‘v—L
0 o
o
05 o
0 20 0 o I 20 £
6 (deg) ¢ (deg) =
50 : 50 _r
50 -50 i
0 10 20 30 o I 20 30
osf
Uy U2

mar __ maxr __
ut e = uyttt =4
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Re-injecting structure in NMPC
Simulation results

Performing "economic trajectories"
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Simulation results

Performing "economic trajectories"

M. Alamir & F. Boyer (—)

ST
NS

X
1 02
05 o1 o6} 1
o108 PN S L G - WSO S S
05| a1
04 1
4 0z
™ 2 @ 4@ o 102030 40
0 (deg) ¢ (deg)
i 0z 1
50 50 —_—
fr— | i y /
o
0] 50
o 10 2 3 4@ o 10 2 % X
- u 0z 1
1 I 2
s, 5
04 4
L Jo Al
LI WL O
-5 5
0.6 -~
0 0 20 an 40 -1CB 10 20 30 40 0.1 o 0.1 02 03
[m] = = ) = =
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Re-injecting structure in NMPC
Simulation results

Performing "economic trajectories"

y z

a0

0 50
sl
o 10 20 30 40 o 10 20 30 40
Uy Uz
5 5
4
f‘l[l T r]l Hrlx]ull .
-5 5
o 10 20 a0 40 : o 10 20 30 40 o 02 04 08
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Simulation results

Robustness

Model uncertainties

U2

where

01

M. Alamir & F. Boyer

=)

(_

J,

2m

(14 01) + q’sg)

2J,(1 4 03)¢

-0.1

; 52 = 0.05 )

Re-injecting structure in NMPC

~tan¢+52

53 =—-0.1
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Re-injecting structure in NMPC
Simulation results

Robustness

1 1
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Re-injecting structure in NMPC

Simulation results

Robustness

M. Alamir & F. Boyer (—)

I

¢ (deg) ¢ (deg)
Uy U2

01 = —0.1

)

02 = 0.05

)

Re-injecting structure in NMPC

55 = —0.1
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Re-injecting structure in NMPC
Simulation results

IN THE PAPER

v" More general setting

v Rigorous set of assumptions

v' Expressions of the constrained feedbacks K; and K>,
v' Sketch of the convergence proof (practical stability)
v Justification of some choices
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Re-injecting structure in NMPC
Future work

Future work

» Moving Obstacle Avoidance

» Micro-Prototype ?
"Flying" and 2D movement using the same motor.
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