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Problem Statement

ẋi = f i(xi, ui) +
�

j∈I←i

M j→i(xi) · gj→i(xj , uj)

Sub-System i

Sub-System j1 Sub-System j2

I←i := {j1, j2, . . . }
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Problem Statement

Sub-System i

ẋi = f i(xi, Ki(xi)) +
�

j∈I←i

M j→i(xi) · gj→i(xj , uj)

I←i :=
�

i, j1, j2, . . .
�

M i→i(xi) = I
gi→i(xi, ui) = f i(xi, ui) − f i(xi, Ki(xi))
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Problem Statement
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Problem Statement

V̇ i(xi) ≤ −W i(xi) +
�

j∈I←i

Lj→i(xi)gj→i(xj , uj)

≤ γ · W̄ i(ρi)

Bi(ρi)

min W i(·)
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Main Ideas

ρi defines the level cooperation of system i

The inequality

is distributed into several inequalities :

Lj→i · g j→i (x j , uj) ≤ d j→i · W̄ i (ρi )︸ ︷︷ ︸
bj→i

; (
∑

j∈I←i

d j→i ≤ γ)

Lj→i (x i ) and bj→i are transmitted by i to all j ∈ I←i
Local problems are stated and solved at each j and results are
transmitted in a compact form

ρi and d j→i are updated accordingly.
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Definition of the local problem

Sub-System i

Sub-System j1 Sub-System j2

ẋi = f i(xi,−Ki(xi) + vi

� �� �
ui

) +
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j∈I←i

M j→i(xi) · gj→i(xj ,−Kj(xj) + vj)

Lj1→i bj1→i Lj2→i bj2→i
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Definition of the local problem

Sub-System i

Sub-System j1 Sub-System j2

ẋi = f i(xi,−Ki(xi) + vi
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Definition of the local problem

Subsystem j

Lj→i1 · gj→i1(xj , uj) ≤ bj→i1

Lj→i2 · gj→i2(xj , uj) ≤ bj→i2

Lj→i3 · gj→i3(xj , uj) ≤ bj→i3

Subsystem i1
Subsystem i2

Subsystem i3
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Definition of the local problem

Subsystem j

Subsystem i1
Subsystem i2

Subsystem i3

hj(xj |D) :=




hj
1(x

j |D)

hj
2(x

j |D)
...

hj
j(x

j |D)
...

hj
nj→(xj |D)




≤ 0
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Definition of the local problem

Subsystem j

• πj
i defines the priorities seen by subsystem j

• ĥj(·, . . . ) is the predicted evolution based on an updated model

• D is the data transmitted by affected neighbors i ∈ Ij→

NMPC Based on the Cost Function

min
ṽ

Np�

k=1

�
�v(k)�2

R +

nj→�

i=1

max
�

0, πj
i · ĥj

i (k, ṽ |D, δj)
��
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Communication Protocol

Subsystem i

Subsystem j1 Subsystem j2

(Lj1→i, bj1→i) (Lj2→i, bj2→i)
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Communication Protocol

Subsystem i

Subsystem j1 Subsystem j2

(Lj1→i, bj1→i) (Lj2→i, bj2→i)

NMPC(j1) NMPC(j2)

(V̄ j2 , hj2
i )(V̄ j1 , hj1

i )
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Communication Protocol

Subsystem i

Subsystem j1 Subsystem j2

(Lj1→i, bj1→i) (Lj2→i, bj2→i)

NMPC(j1) NMPC(j2)

(V̄ j2 , hj2
i )(V̄ j1 , hj1

i )
(ρi, dj→i)
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Updating the Cooperation index ρi

(V̄ j1 , hj1
i )

Stability/Performance Indicator Indicator on how much
the constraint from system i
is stringent for system j1
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Updating the Cooperation index ρi

(V̄ j1 , hj1
i )

Stability/Performance Indicator Indicator on how much
the constraint from system i
is stringent for system j1

max
j∈I←i

�
0, Sign(hj1

i ) · V̄ j1
�

ρi
max

ρi
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Updating the constraint distribution coefficients d j→i

d j→i (tck+1) :=
γ

ni←
+ α

(
hji (t

c
k )− 1

ni←

∑

σ∈I←i

hσi (tck )
)

Recall
Main Ideas

ρi defines the level cooperation of system i

The inequality

is distributed into several inequalities :

Lj→i · g j→i (x j , uj) ≤ d j→i · W̄ i (ρi )� �� �
bj→i

; (
�

j∈I←i

d j→i ≤ γ)

Lj→i (x i ) and bj→i are transmitted by i to all j ∈ I←i
Local problems are solved at each j and results are
transmitted in a compact form

ρi and d j→i are updated accordingly.
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Numerical Investigations

A 12 subsystems network
showing the benefit from
cooperation

A 3 subsystems network
strengthening the key role of
the priority coefficients πji
used in the definition of the
local problems.
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Some Numerical Investigations (1)

ẋi = Aix
i + Biu

i +

+
�

j∈{j | Tij=1}

�
M j→i(xi)

�
· [Ej→ixj + Gj→iuj ]

with

M j→i(xi) = �j→i · tanh(Cj→ixi) (30)

where i ∈ {1, . . . , N}, N is the total number of subsystems
in the networks. T ∈ RN×N is the interconnection boolean
matrix. More precisely Tij = 1 means that j ∈ I←

i . N

controllable pairs
�
(Ai, Bi)

�N

i=1
have been randomly gen-

erated and then normalized to obtain eigenvalues that lie
in [−1, +1]. The matrices Cj→i involved in (30) have been
also randomly generated to have elements in the interval
[−1, +1]. Note here that the diagonal terms Tii are all
equal to 1 which means that we consider that, even in the
absence of its neighbors, the model of each single system is
different from the nominal model that is used to compute
the gains Ki since the terms M i→i(xi)[Ei→ixi + Gi→iui]
affects the dynamic of subsystem i.

The same procedure has been adopted to randomly gen-

erate the matrices Ej→i ∈ Rni×nj

and Gj→i ∈ Rni×nj
u .

The nominal controllers gains Ki have been computed
using LQR design with identity weighting matrices on both
state and control vectors. The normalizing factor V i

max =
λmax(P i) is used in (27) where P i is the Lyapunov matrix
of the LQR design for subsystem i. The prediction horizon
is Np = 2. The sampling period is [tck, tck+1] = 0.2 sec. The
threshold ∆c = 1 is used in (29).

4.1 Stabilization of 12 subsystems network

In this case study, the network depicted on Figure 1 is
studied. Note that the network is divided into 4 subnet-
works (see Figure 1). Each subnetwork is composed of 3
subsystems. The bidirectional arrows in Figure 1 define
the structure of the coupling matrix T mentioned above.
For example, Subnetwork 1 and subnetwork 2 are cou-
pled through their subsystems 3 and 5 respectively. This
leads to T35 = T53 = 1. All the coupling gains within
a subnetwork σ ∈ {1, . . . , 4} are taken equal to �snσ

with
the following values: (�sn1

, �sn1
, �sn1

) = (8.7, 5.0, 0.75) The
strength of coupling between subnetworks are given by:
(�1↔11, �3↔5, �6↔9, �8↔12) = (1.0, 1.0, 1.0, 0.009) Figure 2
shows the behavior of the closed-loop system when each
subsystem applies its nominally stabilizing controller Ki

starting from the initial state xi(0) = 1 for all i ∈
{1, . . . , 12}. Note that 8 of the 12 subsystems diverge due
to the destabilizing interconnections.

The behavior of the same network starting from the same
initial state when the cooperative control scheme proposed
in the present work is used is depicted on Figure 3. The
cooperation between the subsystems enables to steer all
the states of the subsystems to the origin. It is worth
underlying here that only the qualitative results are mean-
ingful since the subsystems definition is totally fictitious
which makes the quantitative values (excursion, values of
the additional controls, etc.) meaningless.

Fig. 1. Case study 1: A 12 subsystems network.

Fig. 2. Case study 1: Evolution of the network when each
subsystem applies its nominally stabilizing controller.
8 subsystems diverge due to the destabilizing inter-
connections.

Fig. 3. Case study 1: Evolution of the network under the
cooperative control scheme proposed in the present
work. The cooperation stabilizes the network.

4.2 Impact of the priority vector on the closed-loop
behavior

In order to validate the relevance of the priority vector
πj used in the definition of the weighting matrix Qj

η

[see equation (24)], the subnetwork 1 of the preceding
example is isolated and simulated alone in order to simplify
the interpretation task. Here again, in the absence of
cooperation, the nominally stabilizing feedbacks fail to
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Some Numerical Investigations (2)
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λmax(P i) is used in (27) where P i is the Lyapunov matrix
of the LQR design for subsystem i. The prediction horizon
is Np = 2. The sampling period is [tck, tck+1] = 0.2 sec. The
threshold ∆c = 1 is used in (29).

4.1 Stabilization of 12 subsystems network

In this case study, the network depicted on Figure 1 is
studied. Note that the network is divided into 4 subnet-
works (see Figure 1). Each subnetwork is composed of 3
subsystems. The bidirectional arrows in Figure 1 define
the structure of the coupling matrix T mentioned above.
For example, Subnetwork 1 and subnetwork 2 are cou-
pled through their subsystems 3 and 5 respectively. This
leads to T35 = T53 = 1. All the coupling gains within
a subnetwork σ ∈ {1, . . . , 4} are taken equal to �snσ

with
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, �sn1
, �sn1

) = (8.7, 5.0, 0.75) The
strength of coupling between subnetworks are given by:
(�1↔11, �3↔5, �6↔9, �8↔12) = (1.0, 1.0, 1.0, 0.009) Figure 2
shows the behavior of the closed-loop system when each
subsystem applies its nominally stabilizing controller Ki

starting from the initial state xi(0) = 1 for all i ∈
{1, . . . , 12}. Note that 8 of the 12 subsystems diverge due
to the destabilizing interconnections.

The behavior of the same network starting from the same
initial state when the cooperative control scheme proposed
in the present work is used is depicted on Figure 3. The
cooperation between the subsystems enables to steer all
the states of the subsystems to the origin. It is worth
underlying here that only the qualitative results are mean-
ingful since the subsystems definition is totally fictitious
which makes the quantitative values (excursion, values of
the additional controls, etc.) meaningless.

Fig. 1. Case study 1: A 12 subsystems network.

Fig. 2. Case study 1: Evolution of the network when each
subsystem applies its nominally stabilizing controller.
8 subsystems diverge due to the destabilizing inter-
connections.

Fig. 3. Case study 1: Evolution of the network under the
cooperative control scheme proposed in the present
work. The cooperation stabilizes the network.

4.2 Impact of the priority vector on the closed-loop
behavior

In order to validate the relevance of the priority vector
πj used in the definition of the weighting matrix Qj

η

[see equation (24)], the subnetwork 1 of the preceding
example is isolated and simulated alone in order to simplify
the interpretation task. Here again, in the absence of
cooperation, the nominally stabilizing feedbacks fail to
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Some Numerical Investigations

Fig. 4. Case study 2: Evolution of the closed-loop system
under the cooperation scheme with two different sets
of priority vectors: (Blue Solid) for πj = (1, 1, 1) for
all j and (red-dotted) for π1 = π2 = (1, 1, 10) while
π3 = (1, 1, 1).

stabilize the network. Figure 4 shows two cooperation
scenarios that use different priority vectors, namely:

• Figure 4 blue-solid lines: cooperation with equal pri-
ority vectors πj = (1, 1, 1) for all j ∈ {1, 2, 3}

• Figure 4 red-dotted lines: cooperation with priority
vectors π1 = π2 = (1, 1, 10) while π3 = (1, 1, 1).

Note that when π1 = π2 = (1, 1, 10), the two neighbors of
subsystem 3 consider that subsystem 3 is a privileged sys-
tem. This results in a drastic reduction of the transient on
this subsystem. This reduction is clearly obtained thanks
to the earlier and higher dynamics on subsystems 1 and 2
since the definition of the feedback for subsystem 3 is the
same for the two scenarios.

Finally, Figure 5 shows what happens when one goes
further in this direction by using the priority vector π1 =
π2 = (1, 1, 100) while π3 = (1, 1, 1) (red solid line). The
performance becomes astonishingly better and suggests
that using different priority may be of great help even for
those subsystems that are not associated to high priorities.
This is because such priority vector prevent the less stable
subsystems (here subsystem 3) to go beyond certain limits
that would strongly disturb the whole network.

5. CONCLUSION

In this paper, a new cooperative control scheme is pro-
posed to address the situation where many subsystems
are interconnected via potentially destabilizing terms and
where centralized control are excluded and communication
is worth minimizing. Although the illustrative examples
suggests promising results, two research directions are to
be investigated: the first concerns theoretical analysis of
the overall closed-loop stability while the second concerns
the application of the proposed framework to more realistic
and relevant examples. These two axis are under investi-
gation.

REFERENCES

E. Camponogara. Distributed model predictive control.
IEEE Control Systems Magazine, 1:44–52, 2002.

Fig. 5. Case study 2: Evolution of the closed-loop system
under the cooperation scheme with two different sets
of priority vectors: (Blue Solid) for π1 = π2 =
(1, 1, 10) (red-dotted) for π1 = π2 = (1, 1, 100). In
both cases, π3 = (1, 1, 1).

E. Camponogara and L. B. De Oliveira. Distributed opti-
mization for model predictive control of linear-dynamic
networks. IEEE Trans. on Systems, Man and Cyber-
nitics, 39(6):1331–1338, 2009.

H. Cui and E.W. Jacobsen. Performance limitations in
decentralized control. J. Proc. Control, 12:485–494,
2002.

W. B. Dunbar. Distributed receding horizon control of
coupled nonlinear oscillators: Theory and application.
In Proc. 45th IEEE Conf. Decision and Control, pages
4854–4860, 2006.

E. Franco, L. Magni, T. Parisini, M. Polycarpou, and
D. Raimondo. Cooperative constrained control of dis-
tributed agent with nonlinear dynamics and delayed
information exchange: A stabilizing receding horizon
approach. IEEE Trans. on Automatic Control, 53:324–
338, 2008.

Y. C. Ho. On centralized optimal control. IEEE Transac-
tions on Automatic Control, 50(4):537–538, 2005.

T. Keviczky, F. Borrelli, and G. J. Balas. Decentralized
receding horizon control for large scale dynamically de-
coupled systems. Automatica, 42(12):2105–2115, 2006.

S. Li, Y. Zhang, and Q. Zhu. Nash-optimization enhanced
distributed model predictive control applied to the shell
benchmark problem. Information Sciences, 170:329–
349, 2005.

J. M. Maestre, D. Munoz de la Pena, and E. F. Camacho.
A distributed mpc scheme with low communication
requirements. In Proceedings of the American Control
Conference, 2009.

A. Richards and J. P. How. Robust distributed model
predictive control. International Journal of control, 80
(9):1517–1531, 2007.

Riccardo Scattolini. Architectures for distributed and
hierarchical model predictive control - a review. Journal
of Process Control, 19(5):723–731, May 2009. ISSN
0959-1524.

A. N. Venkat, I. A. Hiskens, J. B. Rawlings, and S. J.
Wright. Distributed mpc strategies with application
to power system automatic generation control. IEEE
Transactons on Control System Technology, 16(6):1192–
1206, 2008.

Alamir et al., CNRS-University of Grenoble Distributed NMPC Under Limited Information Sharing (IFAC World Congress, Milano, Italy 2011) 11/13



Conclusion & Future Work

New heuristic for distributed partially cooperative NMPC
scheme for a network of intecronnected systems with
destabilizing interconnections.

No shared knowledge on the whole state vector nor the
mathematical models of subsystems

Rather reduced amount of transmitted information

tunable degree of cooperation and non uniform priorities
assignment
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Conclusion & Future Work

For a wholly linear framework : it is possible to perform
off-line computation of the framework parameters in order to
enhance closed-loop stability.

Investigating various strategies of priority assignment :
Feedback, cyclic, random.

Application to realistic & concrete case studies.
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