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Scope Notation RT Assumptions Results Problem Statement Contributions

Problem Statement

Given

I A provably stable ideal MPC formulation

I A certified optimization algorithm

I A computational facility

Design

RT interruptible MPC scheme so that closed-loop
certification can be derived (if any).
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Scope Notation RT Assumptions Results Problem Statement Contributions

This Contribution

1. Exhibits all the unavoidable ingredients of such co-design

2. Proposes a set of sufficient conditions for MPC certification

3. Carries out exhaustive instantiation to the linear MPC case
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Scope Notation RT Assumptions Results

System

zk+1 = f (zk , uk ,wk)

Prediction used in MPC

wk+1 = fd(wk)

Uncertain Model for MPC

xk+1 = F (xk , uk)

Cost Function & Constraints

J(u, xk) :=

Np∑
i=1

`(x̂u
k+i |k , uk+i−1)

(∀i ∈ Ih ∪ Is) ci (u, xk) ≤ 0

zk state
uk control
wk disturbance/set-point

x :=

(
z
w

)

uk := {uk , . . . , uk+Np−1}

u
(1→i)
k := {uk , . . . , uk+i−1}

Ih hard constraints indices
Is soft constraints indices
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Scope Notation RT Assumptions Results

RT MPC with dynamic updating period

timeti = kiτs ti+1 = ki+1τs

miτs

Compute uki+1

Apply u(1→mi )
ki

Apply u
(1→mi−1)

ki−1

ti−1 = ki−1τs

mi−1τs

Compute uki

{mi}i∈N define successive computation periods before updating

mi = F
(

xki ,Certification,Hardware,MPC ,Uncertainty , guess
)

Main Contribution
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Scope Notation RT Assumptions Results Assumptions Overview

Working Assumptions

Certification

Hardware

Uncertainties

Ideal MPC

Extras

The algorithm A used to solve the OCP is s.t

∀(ε0, εc) ∈ R2
+, ∃N(ε0, εc) such that:

|J(u(i), xk)− J(uopt(xk), xk)| ≤ ε0

(∀i ∈ Is) ci (u(i), xk) ≤ εc
(∀i ∈ Ih) ci (u(i), xk) ≤ 0

for all i ≥ N(ε0, εc), ∀xk ∈ X and u(0) := uinit
k .

Certification
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Scope Notation RT Assumptions Results Assumptions Overview

Working Assumptions

Certification

Hardware

Uncertainties

Ideal MPC

Extras

The hardware performs a single iteration of the
algorithm A in τc time units.

Hardware

M. Alamir, NMPC2015, Seville, Spain From certification of algorithms to certified MPC 7 / 14



Scope Notation RT Assumptions Results Assumptions Overview

Working Assumptions

Certification

Hardware

Uncertainties

Ideal MPC

Extras

∃E1 ≥ 0 such that the prediction error satisfies:

‖x̂u
k+j |k − xk+j‖ ≤ E1 × j

for any xk and u of interest.

Uncertainties
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Scope Notation RT Assumptions Results Assumptions Overview

Working Assumptions

Certification

Hardware

Uncertainties

Ideal MPC

Extras

∃ nonnegative function q(·) defined on Rn s.t.

J(uopt(ti+1), x̂(ti+1))− J(uopt(ti ), x(ti ))

≤

−∆(mi , x(ti )) := −
∑mi

j=1 q(x̂optki+j−1|ki )

Ideal MPC

In standard formulation mi = 1 and ∆(1, x) = `(x , κN(x))

(see Mayne et al, Automatica 2000)
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Scope Notation RT Assumptions Results Assumptions Overview

Working Assumptions

Certification

Hardware

Uncertainties

Ideal MPC

Extras

∃D > 0 such that for any admissible (u, xk):

q(xu
k+j |k) ≥ max {0, q(xk)− D × j}

where q(·) is the map invoked in ideal MPC
property.

Bounded Steering Rate

j

q(xu
k+j|k)

q(xk)

q(xk)

D
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Scope Notation RT Assumptions Results Assumptions Overview

Working Assumptions

Certification

Hardware

Uncertainties

Ideal MPC

Extras

∃ K0(·) and Kc(·) s.t. for any pair (u, x (1)) and
(u, x (2)) of interest:

|J(u, x (1))− J(u, x (2))| ≤ K0(‖x (1) − x (2)‖)
‖c(u, x (1))− c(u, x (2))‖∞ ≤ Kc(‖x (1) − x (2)‖)

State-dependent cost and constraints

Linear MPC → K0 and Kc are computable affine bounds
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Scope Notation RT Assumptions Results Change of variable Key inequality Main Result Co-design

RT MPC with dynamic updating period: Change in the decision variable

timeti = kiτs ti+1 = ki+1τs

miτs

Compute uki+1

Apply u(1→mi )
ki

Apply u
(1→mi−1)

ki−1

ti−1 = ki−1τs

mi−1τs

Compute uki

(mi × τs) is the time used to iterate on P
(
x̂(ti+1)

)

⇓ (thanks to algorithm certification)

Change in the decision variable mi ↔ ε
(i+1)
0

mi := m̄(ε
(i+1)
0 , τc) := bτc

τs
N(ε

(i+1)
0 , εc)c
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RT MPC with dynamic updating period: Change in the decision variable

Successive sub-optimal sequences:

u∗ki+1
= u(ti+1) := A

(
uinit
ki+1

,N(ε
(i+1)
0 , εc)

)

(mi × τs) is the time used to iterate on P
(
x̂(ti+1)

)
⇓ (thanks to algorithm certification)

Change in the decision variable mi ↔ ε
(i+1)
0

mi := m̄(ε
(i+1)
0 , τc) := bτc

τs
N(ε

(i+1)
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Scope Notation RT Assumptions Results Change of variable Key inequality Main Result Co-design

RT MPC with dynamic updating period: Change in the decision variable

Successive sub-optimal sequences:

u∗ki+1
= u(ti+1) := A

(
uinit
ki+1

,N(ε
(i+1)
0 , εc)

)

How to choose ε
(i+1)
0 so that:

J
(
u(ti+1), x(ti+1)

)
− J
(
u(ti ), x(ti )

)
≤ −Φ(q(x(ti )))?

RT interruptible MPC problem
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Scope Notation RT Assumptions Results Change of variable Key inequality Main Result Co-design

J(u(ti+1), x(ti+1)) ≤ J(u(ti+1), x̂(ti+1)) + K0(‖x(ti+1)− x̂(ti+1)‖)

J(u(ti+1), x̂(ti+1)) ≤ J(uopt(ti+1), x̂(ti+1)) + ε
(i+1)
0

J(uopt(ti+1), x̂(ti+1)) ≤ J(uopt(ti ), x(ti ))−∆(m̄(ε
(i+1)
0 , τc), x(ti ))

J(uopt(ti ), x(ti )) ≤ J(u(ti ), x(ti )) + ε
(i)
0

∆J ≤ ε(i)
0 + K0(E1m̄(ε

(i+1)
0 , τc)) + ε

(i+1)
0 −
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m

Γ(m, q)

q/D

ψ(q)

ψ(q) :=
q2

2D

m̄

ε
0

Certification Bound

Γ
(m̄

(ε
0 ,τ

c ),q
)

ψ(q)

∆J ≤ ε(i)
0 + K0(E1m̄(ε

(i+1)
0 , τc)) + ε

(i+1)
0 −∆(m̄(ε

(i+1)
0 , τc), x(ti ))
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∆J ≤ ε
(i)
0 + K0

(
E1m̄(ε

(i+1)
0 , τc)

)
+ ε

(i+1)
0 − Γ

(
m̄(ε

(i+1)
0 , τc), q(x(ti ))

)

ε
(i+1)
0

Next Precision

Certification,
hardware,

uncertainties

past precision

Ψ(q(x(ti )))

Ψ(qmin)

Ψ(q(x(ti )))

ε0(x(ti )) ε̄0(x(ti ))

State-dependent updating period
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That’s it . . . !
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Illustration of the ideal MPC property

timeti

q(·)

miτs

ti+1

∑mi
j=1 q(x̂opt

ki+j−1|ki
)

Case mi = 2
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