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Scope Problem Statement Contributions

Problem Statement

Given

» A provably stable ideal MPC formulation
» A certified optimization algorithm

» A computational facility

Design

RT interruptible MPC scheme so that closed-loop
certification can be derived (if any).
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Scope Problem Statement Contributions

Problem Statement

Given
» A provably stable ideal MPC formulation
» A certified optimization algorithm

» A desired certification level

Co-Design

RT interruptible MPC scheme AND a hardware
specification so that THE certification is achieved.
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This Contribution

1. Exhibits ALL the unavoidable ingredients of such co-design
2. Proposes a set of sufficient conditions for MPC certification

3. Carries out exhaustive instantiation to the linear MPC case
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This Contribution

1. Exhibits ALL the unavoidable ingredients of such co-design
2. Proposes a set of sufficient conditions for MPC certification

3.
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System
z, state
Zpy1 = F(zk, uk, wi) U control
Prediction used in MPC wi disturbance/
Wir1 = fa(wi) = (Z
’ w
Model for MPC
X1 = F(xk, uk) We =k Uiy}
. . (1—7) .
Cost Function & Constraints u, =A{ug, .., Ukrio1}
NP
J(u,xi) = ) UKo Ukti-1)
7 ; Filk? In hard constraints indices
(Viel,ul) ci(u, xc) <0 Is soft constraints indices
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RT MPC with dynamic updating period

mi—1Ts miTs
Compute uy, Compute uy;,,
Apply ugjm"_l) Apply ugﬂm")
ti1 = ki—17s ti = kiTs tir1 = ki+17s - time

{mj}ien define successive computation periods before updating
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RT MPC with dynamic updating period

mi—1Ts miTs
Compute uy, Compute uy;,,
Apply ugjm"_l) Apply ugﬂm")
ti1 = ki—17s ti = kiTs tir1 = ki+17s - time

{mj}ien define successive computation periods before updating

[Main Contribution]

m; = J | xx;, Certification, Hardware, MPC, Uncertainty, guess
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Working Assumptions

Certification

The algorithm A used to solve the OCP is s.t

Certification

Hardware V(eo.ec) € R%, IN(eo. ec) such that:

1J(u", i) = J(uP" (i), i)
Viel) ¢ x)<e
(VI' € /h) c,-(u("),xk) <0

_ <e€
Uncertainties k ’ > €
€

C
Ideal MPC

for all i > N(eo, ec), Vxk € X and ul®) = ul't,

Extras
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Working Assumptions

— Hardware
Certification

The hardware performs a single iteration of the

Hardware algorithm A in 7. time units.

Uncertainties

Ideal MPC

Extras
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Working Assumptions

— - Uncertainties ~
Certification

JE; > 0 such that the prediction error satisfies:
Hardware
X jie — Xiersll < Ex < Jj

Uncertainties .
for any x, and u of interest.

Ideal MPC

Extras
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Working Assumptions

Ideal MPC

Certification

3 nonnegative function g(-) defined on R” s.t.

Hardware

J(uoPt(ti-t,-l)a )’}(tl-H)) — J(uOPt(t,'), X(ti))

Uncertainties <

R mj ~opt
Ideal MPC —A(mi x(t)) = = 2070 AR )

In standard formulation m; = 1 and A(1, x) = £(x, kn(x))
(see Mayne et al, Automatica 2000)

Extras
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Working Assumptions

— Bounded Steering Rate ————
Certification

=D > 0 such that for any admissible (u, x):

Hardware

q(Xll<l+j|k) > max {0, g(xx) — D x j}

where g(-) is the map invoked in ideal MPC
property.

Uncertainties

Ideal MPC ) g

q(xy jk)

kL

Extras q(xk)

alx) j
D
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Working Assumptions

— State-dependent cost and constraints
Certification

|

3 Ky() and K () s.t. for any pair (u,x(1)) and
(u, x®) of interest:

[0, xD) = J(u, x| < Ko (6D = X))

le(u,x®) — ¢, x®@) o0 < K. (IxD = x|

Ideal MPC Linear MPC — Kj and K. are computable affine bounds

Extras

il
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Assumptions Assumptions Overview

Certification ————————————Ildeal MPC——————
The algorithm A used to solve the OCP is s.t

3 nonnegative function g(-) defined on R” s.t.

2 .
ey cc) S B3 SW(ens <o) such s J(t342). 5 (t101)) = S (1) (1)

[, x0) = S (x), )| < o

i <
(viek) @ x)<e
(vieh) c?x)<o —A(mi x()) = = X a3 )
for all i > N(eo, ec), Vxi € X and u(® := ut. L )
’ Bounded Steering Rate
Hardware JD > 0 such that for any admissible (u,x):
The hardware performs a single iteration of the q(xk k) = max {0, q(xc) — D x j}

algorithm A in 7. time units.
¢ ‘ where q(-) is the map invoked in ideal MPC

property.

Uncertainties
State-dependent cost and constraints

JE; > 0 such that the prediction error satisfies: 3 Ko(-) and K.(-) s.t. for any pair (u,x(l)) and
)
, X

(2 i .
1%k e — Xkl < Ex % j (u, x1?)) of interest:
9, x®) = J(u, x| < Ko ([IxB = xP))

for any xx and u of interest.
“ lle(u, xV) = c(u,x?) oo < K (XD = X))
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RT MPC with dynamic updating period: Change in the decision variable

m;—1Ts m;Ts
Compute uy, Compute uy;,,
1om;_
Apply uil_:m’ 1 Apply ugﬁm’)
tii1 = ki—1Ts ti = kiTs tiv1 = kip1Ts  time

(m; x 7¢) is the time used to iterate on P (X(tj+1))
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RT MPC with dynamic updating period: Change in the decision variable

m;—1Ts m;Ts
Compute uy, Compute uy;,,
1om;_
Apply uil_:m’ 1 Apply ugﬁm’)
tii1 = ki—1Ts ti = kiTs tiv1 = kip1Ts  time

(m; x 7¢) is the time used to iterate on P (X(tj+1))

{ (thanks to algorithm certification)

Change in the decision variable m; < eéiﬂ)

Tc

i+1 i+1
S ) = 5N )

m; = m(e
Ts
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RT MPC with dynamic updating period: Change in the decision variable

Successive sub-optimal sequences:

* ini i+1
up,, = u(tis) = A (ukl_fl, NS, EC))

(m; x 7¢) is the time used to iterate on P (X(tj+1))

{ (thanks to algorithm certification)

Change in the decision variable m; < eéiﬂ)

mj = ﬁ7((éj+1),7‘c) = L%N((éﬂrl),ec)J

M. Alamir, NMPC2015, Seville, Spain From certification of algorithms to certified MPC 9/14



RT MPC with dynamic updating period: Change in the decision variable

Successive sub-optimal sequences:

* ini i+1
up,, = u(tis) = A <ukl_+t1, NS, Q))

RT interruptible MPC problem

How to choose egH) so that:

J(u(tipr), x(ti1)) — J(u(t), x(t;)) < —®(q(x(t:)))?
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Results Change of variable Key inequality Main Result Co-design

J(u(tivn), x(ti+1)) < J(u(tivn), X(ti41)) + Ko(l[x(tir1) — X(t1)|)

State-dependent cost and constraints

3 Ko() and Kc(-) s.t. for any pair (u,x(1)) and
(u, x®) of interest:

[, ) = J(u, x@)] < Ko([xD) — x@))
le(u, xW) = c(u, x| < Ko(|xD = x@|)
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Results Change of variable Key inequality Main Result Co-design

J(u(tivn), x(ti+1)) < J(u(tivn), X(ti41)) + Ko(l[x(tir1) — X(t1)|)

Uncertainties

JE; > 0 such that the prediction error satisfies:
101 = Xl < Er X j

for any xx and u of interest.
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Results Change of variable Key inequality Main Result Co-design

J(u(tivr),x(t1)) < Ju(ti), X(t1)) + Ko(Erm(el ™, 7))

Uncertainties

JE; > 0 such that the prediction error satisfies:
1% ik = Xl < Evx

for any xx and u of interest.
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Results Change of variable Key inequality Main Result Co-design

J(u(tivr),x(t1)) < Ju(ti), X(t1)) + Ko(Erm(el ™, 7))

Change in the decision variable m; < 6(0i+1)

= e ) = NG )
.

M. Alamir, NMPC2 Seville, Spain From certification of algorithms to certified MPC



Results Change of variable Key inequality Main Result Co-design

J(u(tin), x(1) < J(u(tin), %(62)) + Ko(Erm(e) ™, 7))
J(u(tin), (1) < P (t), K(t01)) + € T

Certification
The algorithm A used to solve the OCP is s.t

V(co, €c) € R3, IN(co, €c) such that:

(a1, x50) = J(uP" (), x| < €o
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Results Change of variable Key inequality Main Result Co-design

J(u(tivr),x(t1)) < Ju(ti), X(t1)) + Ko(Erm(el ™, 7))
J(u(tin), %(ti1)) < I (tiga), K(t1)) +e§
JUP (tiar), X(t01)) < I (), x(8)) — DS, ), x(8))

————— ldeal MPC

3 nonnegative function g(-) defined on R” s.t.
J(uP(tiga), X(ti41)) — J(uP(8), x(4))
<

—A(mi, x(t)) == = 7 q()?l‘(’,v‘ij—l\k,)
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Results Change of variable Key inequality Main Result Co-design

J(u(tin), x(1) < J(u(tin), %(62)) + Ko(Erm(e) ™, 7))
J(u(tian), %(t01)) < I (tia), K(t111)) + e§ T

I (ti1), %(t1)) <SP (), x(4)) — A(m(el T, 7e), x(t))
JWP (), (1) < J(u(t), x(8)) + €

Certification
The algorithm A used to solve the OCP is s.t

V(co, €c) € R3, IN(co, €c) such that:

(a1, x50) = J(uP* (), xk)| < €o
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Results Change of variable Key inequality Main Result Co-design

Julta) <) <0 Ju(tia), %(60)) + Ko(Bim(e) ™, 7))
J(u(tian), %(t01)) < I (tia), K(t111)) + e§ T

I (ti1), %(t1)) <SP (), x(4)) — A(m(el T, 7e), x(t))
JWP (), x(1)) < J(u(n) x(1) + €

RT interruptible MPC problem

How to choose egH) so that:

J(u(tia), x(ti41)) — I (u(), x(8)) < —(q(x(1:)))?
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Results Change of variable Key inequality Main Result Co-design

J(u(tiv1), x(tiv1)) < + Ko(Erim(ey ™, 7))
S +€(()i+l)
< = A(m(ey ™V, 7e), x(t))
< J(u(t), x(t:)) + €

RT interruptible MPC problem

How to choose egH) so that:

J(u(tia), x(ti41)) — I (u(), x(8)) < —(q(x(1:)))?
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Results Change of variable Key inequality Main Result Co-design

< e+ Ko(Evm(ed ™, 7e)) + 5T = A(m(eS ™, 7o), x(8))

< + Ko(Evi(el ™, 7))
< + E(()i+1)

< — A(m(eS ™ 7o), x (1))
< + eg)

RT interruptible MPC problem

How to choose ef)'vH) so that:

J(u(tia), x(ti41)) — I (u(), x(8)) < —(q(x(1:)))?
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Results Change of variable Key inequality Main Result Co-design

A< e+ Ko(Erm(el ™ 7)) + Y — a(m(el ™ ), x(1))

Ideal MPC

3 nonnegative function g(-) defined on R” s.t.
J(uPt(tig1), X(ti1)) — H(uoPH (), x(1:))
<

—A(mi, x(8)) = = X% a3 1)
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Results Change of variable Key inequality Main Result Co-design

< e§ + Ko(Erm(e) ™, 7)) + e T = A(m(e) T, 7e), x(1)

r(m,q)

q/D m D

Ideal MPC

3 nonnegative function g(-) defined on R” s.t.
J(uPt(tig1), X(ti1)) — H(uoPH (), x(1:))
<

—A(mi, x(8)) = = X% a3 1)
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Results Change of variable Key inequality Main Result Co-design

< egi) + Ko(E1 r'r)(e(()iH), Tc)) + egiH) = F(ﬁv(egﬂ), Te)s )

r(m,q)

q/D m D

RT interruptible MPC problem

How to choose ng+1) so that:

J(u(tir), x(ti41)) — J(u(ty), x(t;)) < —®(q(x(t:)))?

M. Alamir, NMPC2015, Seville, Spain From certification of algorithms to certified MPC 10 / 14



Results Change of variable Key inequality Main Result Co-design

i = i+1 i+1 = i+1
< &) + Ko(Evm(el ™, 7)) + e T = T(m(ed T, 7o), )
r(m,q)
o) = & a0 0)
77 2p a(xx)
¥(q)
() J
q/D m D
RT interruptible MPC problem
How to choose ng+1) so that:
J(u(tir), x(ti41)) — J(u(ty), x(t;)) < —®(q(x(t:)))?
Certification Bound
&
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Results Change of variable Key inequality Main Result Co-design

< egi) + Ko(E1 r'r)(e(()iH), Tc)) + egiH) = F(ﬁv(egﬂ), Te)s )
r(m,q) )
W(q) = (i g4 1)
2D Xic
¥(q) a0
q(xk) J

RT interruptible MPC problem

How to choose ng+1) so that:

J(u(tir), x(ti41)) — J(u(ty), x(t;)) < —®(q(x(t:)))?

Certification Bound

M. Alamir, NMPC2015, Seville, Spain From certification of algorithms to certified MPC 10 /



Results Change of variable Key inequality Main Result Co-design

< egi) + Ko(E1 r'r)(e(()iH), Tc)) + egiH) = F(ﬁv(egﬂ), Te)s )
r(m,q) )
¥(q) = 2‘% I(m(eo, 7c), q)
¥(q)
¥(q)

L— > ¢

RT interruptible MPC problem

How to choose ng+1) so that:

J(u(tir), x(ti41)) — J(u(ty), x(t;)) < —®(q(x(t:)))?

Certification Bound
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

6E)i-%—l)

M. Alamir, NMPC2015, Seville, Spain From certification of algorithms to certified MPC 11 /14



Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(med ™, me), ax(1)

Next Precision

6E)i-%—l)
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

Next Precision

Certification,

1

1

1

1

1

1

| ,
1

1

1

\ hardware,
1

\

uncertainties
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

Next Precision

Certification,
‘ hardware,
L uncertainties )
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(med ™, me), ax(1)

Next Precision

Certification,
hardware,
: L uncertainties )
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Results

Change of variable Key inequality Main Result Co-design

AJ < 6(()i) + Ko(Elﬁ‘l(

(i+1)

§Y — r(mey ™, 7e), a(x(1)))

Next Precision

egl+1)’7_c)) + €

Certification,
hardware,
: L uncertainties )
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

6E)i-%—l)
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

w(qmm)

6E)i-%—l)
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

V(q(x(t:)))
Y (qmin)

6E)i-%—l)
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

V(q(x(t:)))
Y (qmin)

6E)i-%—l)
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Results Change of variable Key inequality Main Result Co-design

A< ) + Ko(Eam(eg 7o) + e = T(mef ™, me), ax(1)

State-dependent updating period

£9(x), €o(z) and €o(z)

V(q(x(t:)))
Y (qmin)

2 4 6 8 10 12 14
4(@)/Gmin

co(x(t) Zo(x(1) i+
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

v ( Qspec )

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

Given a specification gspec
Get black curve down by:
> E; | (ident., anticipation)

> 7. | (hardware selection)

v ( Qspec )

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

Given a specification gspec
Get black curve down by:
> E; | (ident., anticipation)

> 7. | (hardware selection)

v ( Qspec )

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

Given a specification gspec
Get black curve down by:
> E; | (ident., anticipation)

> 7. | (hardware selection)

v ( Qspec )

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

Given a specification gspec
Get black curve down by:
> E; | (ident., anticipation)

> 7. | (hardware selection)

v ( Qspec )

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

Given a specification gspec

Get black curve down by:
> E; | (ident., anticipation)

> 7. | (hardware selection)

v ( Qspec )

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

. Given a specification gspec

Get black curve down by:
> E; | (ident., anticipation)

> 7. | (hardware selection)

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Solution to the co-design problem

AJ< 681') + KO(Elm(E(()i+1)’TC)) + 6(()i+1) - F(M(egi+1),7'c), q(X(tf)))

P i specification
, Co-Design | hardware
’ :
P updating strategy

. Given a specification gspec

Get black curve down by:
> E; | (ident., anticipation)

> 7. | (hardware selection)

€éi+1)
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Results Change of variable Key inequality Main Result Co-design

Achievable specification are CONSTRAINED

A< )+ Ko(Erm(eS 7)) + ef T — (el ™, 7e), alx (1))

Ve N

s
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Results Change of variable Key inequality Main Result Co-design

Achievable specification are CONSTRAINED

A< )+ Ko(Erm(eS 7)) + ef T — (el ™, 7e), alx (1))

Ve N

s

Corollary 2: We have |24 — 2% || < 6max if € is chosen as

2
€< /_‘ 6ma)f
-2

18I

[Richter et al. 2012]
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Results Change of variable Key inequality Main Result Co-design

Achievable specification are CONSTRAINED

A< )+ Ko(Erm(eS 7)) + ef T — (el ™, 7e), alx (1))

Ve N

s

Corollary 2: We have |24 — 2% || < 6max if € is chosen as Incompatible with uncertain

cH 82 s predictions
e< — 5 -
2Bl

[Richter et al. 2012]
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Conclusion

e 7
Solver
Certification
- J
e N ( R
Hardware ! Lbof
| Lh.s of (35
Performance e @)
L ) Mnyvdl@
s 3
Ideal Stability MPC ;
Characteristics Certification "
L ! r.h.s of (35)
- oK ,
Uncertainty
Level 0 ¢o(a) 50(‘1)‘ o
N\ J N\ J
e 7
Current Guess
Quality
= J
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That's it ...
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I
Illustration of the ideal MPC property

Ideal MPC —————————— q()
3 nonnegative function g(-) defined on R” s.t. m sopt
mits 1 2o AR 1)

J(uapt(t,‘+1),)?(t,'. 1)) — J(uopt(t,'),X(f,')) |

l

< |

—A(mj, x(t})) = — j"n:;I q()?lf,ﬁjfuk,-) :

|

|

In standard formulation m; = 1 and A(1, x) = £(x, kn(x)) L -

(see Mayne et al, Automatica 2000) ti ti+1 time

Case m; =2
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