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Contractive low dimensional NMPC

Motivation

» Classical formulations are "Optimality oriented"

» Stability is achieved by auxiliary "tricks"
» Final equality constraint
» Final inequality constraint / terminal region

» Infinite prediction horizon

» The resulting problem is heavy to tackle and formulate
numerically whatever is the implementation
"(complete / real time)"

What if the stability was the main issue ... 7
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Contractive low dimensional NMPC

01(deg) 02(deg) r(m)
800 1500 - 02
600 o
1000 |
400
0.2
200 500
04
0
0
-200 06
490 10 20 30 w0 % 10 20 30 40 08 10 20 30 40
Time (s) Time (s) Time (s)
Optimal cost J(z) comp. times (ms)
5 300
4 250

-30
o 10 20 30 40

Time (s)

M. Alamir (-)

10 20 30 40

Time (s)

Contractive low dimensional NMPC

200

150 |

; Hl il LT

0 200 400 600 800

Sampling period

NMPC’05, Germany

4/ 23



Contractive low dimensional NMPC

A new contractive formulation

v

Finite & short prediction horizon

v

Without any final or terminal requirements

v

provably stable closed-loop

» Low dimensional decision variable (scalar & 2-dimensional)

v

Solution uses only black-box simulator.
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Contractive low dimensional NMPC

Outline

THE BASIC IDEA : THE CONTRACTION PROPERTY

USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
An intuitive bad formulation
Classical contractive Receding horizon schemes

The proposed contractive formulation
The class of systems
The open-loop control parametrization
The contraction property
The new contractive RH formulation

[llustrative examples
The simple inverted pendulum : A self contained RH control
The double inverted pendulum : a hybrid control scheme

Conclusion
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Contractive low dimensional NMPC
THE BASIC IDEA : THE CONTRACTION PROPERTY

A PRELIMINARY EXAMPLE

Consider the nonlinear system

T1 =Ty | Tp=T1U

and the "candidate" Lyapunov
function

V(z) = %[szzf + x%]

Compute the derivative of V'

V(x) = z125(1 4 u)
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Contractive low dimensional NMPC
THE BASIC IDEA : THE CONTRACTION PROPERTY

A PRELIMINARY EXAMPLE For classical Lyapunov design

V' is not a good choice

Consider the nonlinear system
(singular surface z1x, = 0)

T1 =Ty | Tp=T1U

and the "candidate" Lyapunov
function

V(z) = %[:c% + x%]

Compute the derivative of V'

V(x) = zy2o(1 + u)

o = E E = 9ace
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THE BASIC IDEA : THE CONTRACTION PROPERTY

A PRELIMINARY EXAMPLE For classical Lyapunov design

Consider the nonlinear system V' is not a good choice

(singular surface z1x, = 0)

no e
ut. ..

and the "candidate" Lyapunov
function

T2

Lo zu(0)
u = Cste on [0, T

V(z) = %[:c% + x%]

Compute the derivative of V'

V(x) = zy2o(1 + u)

y
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Contractive low dimensional NMPC
THE BASIC IDEA : THE CONTRACTION PROPERTY

min Ty T,.’E 0
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Contractive low dimensional NMPC

THE BASIC IDEA : THE CONTRACTION PROPERTY

| (T, z0(6))]|

min
u()=ug€[~umaz,tumaz]

i T, 20(0 =T
sz e T =2 o= 5 ,
X9 xO }
0 )
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Contractive low dimensional NMPC
THE BASIC IDEA : THE CONTRACTION PROPERTY

(g elm o tumagll (T 20D
1.4y
i T, zo(0 T=1
U(‘)Euoe[glgaz#umaz HIU( ,xo( ))” 2r iii Umaz =5

Y

4]

To summarize : A long term contraction property
Whatever is the initial state xy € B(0,1), there exists constant
control u € [—5,+45] such that

V(zu(2,20))|| £0.9 V(z0) or [V (zu(4,20))| < 0.82 V(xo)]

v
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Contractive low dimensional NMPC
USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
An intuitive bad formulation

A bad formulation

Define a receding horizon feedback based on the following open-loop
optimization problem

A
wymn /0 L(xu(T,x(t))>dT under V(za(t + A, 2(t))) < v V(z(t))

o & = = = A
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USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
An intuitive bad formulation

A bad formulation

Define a receding horizon feedback based on the following open-loop
optimization problem

A
wymn /0 L(xu(T,x(t))>dT under V(za(t + A, 2(t))) < v V(z(t))

Vi(x(t))
§ V(2(t)) fommmrmim i m i m s a N

t t+7T
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M. Alamir (-) Contractive low dimensional NMPC NMPC’05, Germany 9 /23



Contractive low dimensional NMPC
USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
An intuitive bad formulation

A bad formulation

Define a receding horizon feedback based on the following open-loop
optimization problem

A
udmhﬂl_q%uwm»m-mmxw%@+gaﬂ»gywﬂm

V(x(th))
0% V(m(t“’)) Y/ S S m i m it m e mm e P
V(z(t))
) SRR S —
t t+7T
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A bad formulation

Define a receding horizon feedback based on the following open-loop
optimization problem

A
wymn /0 L(xu(T,x(t))>dT under V(za(t + A, 2(t))) < v V(z(t))

V() A
v V(@) - .'_‘:;;__:‘_»:::i.»_.r__-.‘ ______ S N
V() A
A V(@(t))  frobemmmssms s s B
t t+7T
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USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
An intuitive bad formulation

A bad formulation

Define a receding horizon feedback based on the following open-loop
optimization problem

A
wymn /0 L(xu(T,x(t))>dT under V(za(t + A, 2(t))) < v V(z(t))

V(a(th)) 4
v V(z(th)) \ e ——
V(z(t))
v V(z(t))
t | t+7T
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Contractive low dimensional NMPC
USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
An intuitive bad formulation

A bad formulation

Define a receding horizon feedback based on the following open-loop
optimization problem

A
udghﬂl_q%u@m»m-mmxw%@+gﬂﬂ»gywﬂm

Updating systematically the contractive constraint
V(zu(A,2(1)) < v V(x(t))

May cause instability in closed-loop

o = E = = 9ace
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Contractive low dimensional NMPC
USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
Classical contractive Receding horizon schemes

L. de Oliveira and Morari, M. IEE

Vol 45 pp
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Contractive low dimensional NMPC
USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
Classical contractive Receding horizon schemes

Kothare, S. L. de Oliveira and Morari, M. IEEE- C Vol 45 pp 1053-1071 (2000)

Either

Use the open-loop control

a(-, x(t)) Vialt)

on [t,t + A(x(t))]

t i+ A1)

o & = = = A
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Contractive low dimensional NMPC
USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
Classical contractive Receding horizon schemes

Kothare, S. L. de Oliveira and Morari, M. IEEE-TAC Vol 45 pp 1053-1071 (2000)

Or

Memorize z(t) and use Feedback |
,\\ Un(:ilzmgcd
lower bound
Vi(wu(B, 2t + ko)) < v V((t)) Viof)
| | | e e
in a RH schemAe during the time
interval [t,t + A(z(t))]

t t+A(a(t)

o & = = = A
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Contractive low dimensional NMPC
USING THE CONTRACTION PROPERTY IN FEEDBACK DESIGN
Classical contractive Receding horizon schemes

Kothare, S. L. de Oliveira and Morari, M. IEEE-TAC Vol 45 pp 1053-1071 (2

Or

Memorize x(t) and use Feedback |
] Ull('ilzlllg(\(l
lower bound

V(e (B, 2(t+kr)) <7 V() K

in a RH scheme during the time
interval [t,t + A(z(t))]

t t+4()
» Non standard RH implementation
» Lack of reactivity
» Potential feasibility problems
» In presence of disturbances
» Under truncated optimization
=} = = E = A
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Contractive low dimensional NMPC
The proposed contractive formulation
The class of systems

Consider nonlinear systems
= f(z,u) ; zeR" ; weR™ ; [ continuous

satisfying the following assumption

Infinitely fast state excursions need infinite control

o & = = = A
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Contractive low dimensional NMPC
The proposed contractive formulation
The class of systems

Consider nonlinear systems
= f(z,u) ; zeR" ; weR™ ; [ continuous

satisfying the following assumption

Infinitely fast state excursions need infinite control

For all finite horizon 7" > 0,

lim [ min min || F(t, xo,u)||| = o0
lzoll—o0 L uewd.71  t€[0,T]
for all compact subset W C R™. b
=] = = E = A
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Contractive low dimensional NMPC
The proposed contractive formulation
The open-loop control parametrization

v" Choose a sampling period 7

v' Define a 7,-piece-wise
constant control profile

Upwe(-,p) ; peP

v' The parametrization is
called "translatable" if for all
p € P, there is p™ € P s.t.

i+1(

u'(p*) = u " (p)

Vie{l,...,N—1}
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Contractive low dimensional NMPC
The proposed contractive formulation
The open-loop control parametrization

v" Choose a sampling period 7

v' Define a 7,-piece-wise
constant control profile

Upwe(-,p) ; peP

v' The parametrization is
called "translatable" if for all .
p € P, there is p™ € P s.t. Notation F(:,z,p), V (-, 2, p)

ui(er) — uiJrl(p) p+ _ (6_07'5 0275) )
Vie{l,....N—1}
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Contractive low dimensional NMPC
The proposed contractive formulation
The contraction property

The strong contraction property

1. 3y €]0,1] s.t. for all z, there exists p°(z) € P such that

i V Sy M ¢ S V
,efmin (q7s, 7, p%(x)) < 7V (x)

v
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The contraction property

The strong contraction property

1. 3y €]0,1] s.t. for all z, there exists p°(z) € P such that

i V Sy M ¢ S V
,efmin (q7s, 7, p%(x)) < 7V (x)

2. pe(+) is bounded over bounded sets
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Contractive low dimensional NMPC
The proposed contractive formulation
The contraction property

The strong contraction property

1. 3y €]0,1] s.t. for all z, there exists p°(z) € P such that

in  V(qrs,z,p° <~V
,efmin (q7s, 7, p%(x)) < 7V (x)

2. pe(+) is bounded over bounded sets

3. 3 a continuous function ¢ : R — R, s.t. for all z :

Vien (2, p%(2)) loo < () - V()

where

[Viee(s, 2, p)||0 = max V(its, x,p)
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Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation
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Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation

V(x(t))
Y V(@(£))  frmimrmimemimm i ca D) o

[m] = =
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Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation

V(x(tt))
vy Vi(zh)) h
V(x(t))

v V(z(t))

t t+ T

[m] = =
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Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation

V(x(tt))
v Vi(z@h)) Hf
V(x(t))

v V(z(t))

t t+ T
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Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation

VEEn) |
v V(ah)) :
V(a(t))

v V(x(t)

t t+ T

[m] (=) = =
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Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation

VEEn) |
v V(ah)) :
V(a(t))

v V(x(t)

t t+ T

The open-loop optimal control problem

. q . 2 2
min V(qrs, x, — -minqe, ||[Ving( 2, )5
e e (g7, @,p) + az - min{e”, [Vieg( 2 D)5 §

=} 5 = E DA
M. Alamir (-) Contractive low dimensional NMPC NMPC’05, Germany 14 / 23



Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation

V(a(tt)) e
5 Va(th)) :
V(1)

5 V(@ (t)

Tsi

t t+ T

The open-loop optimal control problem

. q . 2 2
min Viqrs, x, — -minqe, ||[Ving( 2, )5
e e (g7, @,p) + az - min{e”, [Vieg( 2 D)5 §

The receding-horizon state feedback

u(kts +7) = vt (p(x(k7y))) V7 €0, 7

M. Alamir (-) Contractive low dimensional NMPC NMPC’05, Germany 14 / 23



Contractive low dimensional NMPC
The proposed contractive formulation
The new contractive RH formulation

Basic Result
If the following conditions hold

1. Continuity (system/parametrization)

2. Infinitely fast excursions need infinite controls

3. The control parametrization is translatable on

Py =P B(O, sup  [[po(a)]| + €0> CPCR™
2 B(0.0(X))

Then, 3 sufficiently small ¢ > 0 and o > 0 such that the RH
feedback is well defined and makes the origin z = 0 asymptotically
stable for the resulting CL dynamics with a region of attraction
that contains X.

v

o =] = = Dac
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Contractive low dimensional NMPC
Illustrative examples
The simple inverted pendulum : A self contained RH control

0 m, [
ol M
ONE®,
The system equations
mIL?+1 mLcosf\ (0 - ngsinQ—k(;é
mLcos m+ M 7] \F +mL6%sin6 — k,r

A pre-compensator

F=—-K,. ; +u
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Contractive low dimensional NMPC
Illustrative examples
The simple inverted pendulum : A self contained RH control

3 o m, I
.
LA V'
ONE®,
The system equations
T1 = T3 ; Lo =1T4

i mLgsin(xzy) — kg - x3
(3) = win
T4

—Kpre, 2 — Kpre,2a + mLa3sin(x1) — kya +u
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Contractive low dimensional NMPC
Illustrative examples
The simple inverted pendulum : A self contained RH control

Control parametrization
ul(p) =p-e it ot =

where p € P(2) := [pin(2), Pmaz(2)] 5.8
pmzn(x) = —lImee + Kprele + KpT€2x4
pmar(x) - +Fmam + Kp7'€1x2 + KpT62x4

o 5 = = v v
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Contractive low dimensional NMPC
Illustrative examples
The simple inverted pendulum : A self contained RH control

Use the contractive RH formulation given by :
1r-
V(z) = 5 [02 + Br2 + 72| + [1 — cos(0)]?

8]
m.n V ER R} +_'m.n g, V—> Ty Ly [e’s)
e Lo Vg @, p) £ 5 - minde, [IVieg( 2. p)lloo}

u(kts +7) = v (p(x(k7s))) V1 € [0, 74
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Contractive low dimensional NMPC
Illustrative examples

The simple inverted pendulum : A self contained RH control

The parameters of the controller

parameter value signification

Ts 0.4 s sampling period

N 8 horizon length

t, 0.2 Constant for the control param.
a=c¢ 0.01 cost function parameters
Kpyre (2.5 10.0) Pre-compensation gain
Frax € {1.0,2.0} saturation level on F'

1) €10 weighting coefficient on r

Runs on a 1.3 GH z Pentium-I11

o =) DAy
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Contractive low dimensional NMPC

Illustrative examples

The simple inverted pendulum : A self contained RH control

0 (deg)
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Time (s)
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Computation time (ms)

50 100 150 200

Sampling periods

M. Alamir (-) Contractive low dimensional NMPC NMPC’05, Germany

18 / 23



Contractive low dimensional NMPC
Illustrative examples
The double inverted pendulum : a hybrid control scheme

L, = =20,

1 .
Jio= pmald

1 .
T2 = 5m2/§
By = 4 A+
ha = il + mals
hs =  nals
ha = il +moLi + Ty
s ralaLy
he mal3 + Ja
hr = (maily +ma2li)g
hs = malag

=) = = = =
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Contractive low dimensional NMPC

Illustrative examples

The double inverted pendulum :

a hybrid control scheme

21,
1 2

srnli

%mzli

A+ s
maly + mals

mals

maly + moLF + Ty
ralaLy

mal3 + J2

(m1ly + m2ly)g

malag

System equations

hit + hQél cos 1 + h3é2 cosfr = h29f sinf; + h39§ sinfr, + I
hot cos b1 + haby + hsb cos(fy — 02) = hysinfy — h50§ sin(f; — 62)
hsi cos 0y + hsby cos(by — 602) + heby = h50% sin(fy — 602) + hgsin 6,

M. Alamir (-)

o =] = E x 9Dac
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Contractive low dimensional NMPC
Illustrative examples
The double inverted pendulum : a hybrid control scheme

Ly = 20
g o= %nul'{

g2 = %mzlg

hy - e+ 1y + e
ha = gl + mals

P mals

ha maly + moLF + Ty
hs = moalal,

he mal3 + Ja

he (maly +maLly)g
hs = malag

Pre-compensation

[m] (=) = =
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Contractive low dimensional NMPC
Illustrative examples
The double inverted pendulum : a hybrid control scheme

Ly = 20

g o= %nul'f

g2 = %mz)lg

hi = a4 me

ha = gl + mals

hs = moals

ha = il +moLi + Ty
r hs = moalal,

he — 2l 4 J2

he = (mily +ma2li)g

1 hs = malag

Control parametrization

uz(p) = Altl +p 6—>\2ti , tz _

1
p’min(x) = A |:+F'maw + K;me T'

1 r
~ |:_F'maw + K;me 7’ ’ pmuw(x) T 2

N

o = = E = C
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Contractive low dimensional NMPC
Illustrative examples
The double inverted pendulum : a hybrid control scheme

The contractive RH controller
he ;o
2
+  hg[l—cos(82)] + hy[r? + 7]

Kru(z(krs)) = u' (p(z(kre))) ; te[0,7

ha -
V(z) = 7“93 =202 + hs0102 cos(0r — 02) + h7[1 — cos(61)] +

—
-
o
_|_
~+
~
|

[m] ] = =
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Contractive low dimensional NMPC
Illustrative examples
The double inverted pendulum : a hybrid control scheme

The contractive RH controller

he ;o

2
+  hg[l —cos(62)] + hi[r? + 7]

u(kts +t) Krp(z(krs)) i=u ( p(x(k7s))) ; t€[0,7

A local LQR controller

ha -
V(z) = 7“95 =202 + hs0102 cos(0r — 02) + h7[1 — cos(61)] +

KL(J}) = —L- €3

solving the discrete time Riccati equation
ATSA;— S — (AISB.) (R + By SBy)(BISAs) +Q =0

o ] = = Q>
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Contractive low dimensional NMPC
Illustrative examples
The double inverted pendulum : a hybrid control scheme

Hybrid controller for swing-up and stabilization of the double inverted pendulum

To summarize, the hybrid controller is given by

Krp(x(ks)) it [le(kr)lIE > n

u(krs + 1) = Kp(z(kts)) otherwise

o & = = = A
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Illustrative examples
The double inverted pendulum : a hybrid control scheme

Hybrid controller for swing-up and stabilization of the double inverted pendulum

To summarize, the hybrid controller is given by

Krp(x(ks)) it [le(kr)lIE > n

u(krs + 1) = Kp(z(kts)) otherwise

The parameters of the controller

parameter value signification

Ts 03 s sampling period

N 10 horizon length

L (360,29) (linear controller gain)

(A1, A2) (100, 20) Control parametrization
n 1.0 switching threshold
Tmax 20 Max number of function evaluation
o> @ =, «=» T 9ac
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Contractive low dimensional NMPC
Illustrative examples

The double inverted pendulum : a hybrid control scheme

01(deg) 0>(deg) r(m)
800 1500 . 0.2
600 0
1000
400 L !
§ 1 . 0.2
200 A 500 A3
4y MN L] -0.4
0 T R
¥ i
-200 -0.6
4000 10 20 30 40 75000 10 20 30 40 70,50 10 20 30 40
Time (s) Time (s) Time (s)

Optimal cost J(x)

comp. times (ms)

-30
0

10 20 30 40

Time (s)

20 30 40

Time (s)
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Hl il LT

200 400 600 800

Sampling period

i
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Contractive low dimensional NMPC
Conclusion

Conclusion

Whatever are the numerical tools in your hand ...
Don’t forget that the added-value of a control-designer is
THE PROVABLY SAFE, SIMPLE & DEDICATED FORMULATION

Don’t rely on a black-box tool to overcome a bad formulation,
...you would pay it by "lines of code" and even dollars in the final
product

The gains in efficiency are multiplicative
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