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Recalls on Nonlinear Observers

Observability related definitions

Uncertainty & noise free system
x(t) = X(t,t,x0)
y(t) = h(t,x(t))
Uncertain and noisy system

X(t,to,xo,wtto)
y(t) = h(t,x(t)) + v(t)

X
~
=
N
I

Constraints
m x(t) € X(t) CR"
m w(t) € W(t) C R™ uncertainties/Disturbances.

m v(t) € V(t) C R™ measurement noise

(2]
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Recalls on Nonlinear Observers

Measurements-compatible configurations

Consider
m Time interval [t — T, ]
m Measurement profile yf +
m (&w) EX(t— T) x [Rw]lt=T1
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Recalls on Nonlinear Observers

Measurements-compatible configurations

Consider
m Time interval [t — T, ]
m Measurement profile yf +
m (&w) EX(t— T) x [Rw]lt=T1

(&, w) is (y{_t)-compatible
ifforallocet—T,t]:
w(c) € W(o),
X(o,t— T,£6,w) € X(o),
yt?—T(U)_ Y(Uv t— T7§7w) € V(U)
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Recalls on Nonlinear Observers

Measurements-compatible configurations

Consider
m Time interval [t — T, ]
m Measurement profile yf +
m (&w) EX(t— T) x [Rw]lt=T1

(&, w) is (y{_t)-compatible
if foralloe[t—T,t]:

w(c) € W(o),
X(o,t— T,£6,w) € X(o),
Vi_r(e)=Y(o,t—=T,& w) € V(o).

Notation

| (6 w) € C(t, ¢ 1) |
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Recalls on Nonlinear Observers

Measurements-compatible configurations

Consider

—— measurement y}_p(-)

m Time interval [t — T, ]

m Measurement profile yf +

B (&,w) €X(t— T) x [Rw](t=Td

T

x()

(an) is (Ytth)‘Compatible X(-T)
if foralloe[t—T,t]:

w(c) € W(o), [

output prediction Y (-, t = T,&,w)

output prediction Y (-t = T,&,w) — yi_p (")

X(t)

X(o,t— T,£6,w) € X(o),

yt?—T(U)_ Y(Uv t— T7§7w) € V(U)

Notation

| (6 w) € C(t, ¢ 1) |
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Recalls on Nonlinear Observers

Measurements-compatible configurations

Consider )
m Time interval [t — T, ] output prediction Y-, = 7,6, w)
m Measurement profile ytt—T um;‘ predetion V(e )
m (§w) €X(t— T)x [Rw]=T “
x()
(&, w) is (y{_t)-compatible X(,T)g
if foralloe[t—T,t]:
w(o) € W(o), [ e
X(o,t =T, w) € X(0), T ™ Time

Yior(0)=Y(o,t=T,& w) € V(o).
(&, w) € C(t,y{_7) if the corresponding

. trajector
Notation ) y

| (6 w) € C(t,¥¢ 1)

‘ meets the constraints

explains the measurements
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Recalls on Nonlinear Observers

The finite horizon observation problem

The finite horizon observation problem

Choose T > 0 and use at each t, the available information:

the system equations

the past measurements y;_r,
the constraints and
4]

some additional exogenous knowledge.

in order to produce an estimation X(t) of the current state x(t). v
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Recalls on Nonlinear Observers

The finite horizon observation problem

The finite horizon observation problem

Choose T > 0 and use at each t, the available information:

the system equations

the past measurements y;_r,
the constraints and
4]

some additional exogenous knowledge.

in order to produce an estimation X(t) of the current state x(t). v

Find ((,w) —  X(t)=X(t,t—T,& w)
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Recalls on Nonlinear Observers

The finite horizon observation problem

The finite horizon observation problem

Choose T > 0 and use at each t, the available information:

the system equations

the past measurements y;_r,
the constraints and
4]

some additional exogenous knowledge.

in order to produce an estimation X(t) of the current state x(t). v

Find ((,w) —  X(t)=X(t,t—T,& w)

The set of candidate estimates X(t):

Q; = {X(t> t— T7£7W) | (ng) € C(t7Y:—T)}'
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Alamir et al. (Nolcos 2

ation processes



Recalls on Nonlinear Observers

Temporal parametrization

Solve P(t) (Eﬂgieré(t)J(t,f,w)

Use a reduced dimensional parametrization
w(t) =W(t,pw) ; pw€P.

Solve P() : _min_ J(tEW(p)) = J(t.Ep) = (1), Pu(2)

(1) = X(t, t = T,E(t), W(-, Pu(t)))

m X = (XT7 pMT,)T c R" x R™ New uncertainty-free

. extended state estimation problem.
mp,=0

(2]
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Recalls on Nonlinear Observers

Analytic vs optimization based observer

Analytic observers

(System) x = f(x); y = h(x)

(Observ) % = f(X)+ K(&,y)
Try to show asymptotic convergence of
e = x — X governed by

f(x)
f(x) — f(x —e) — K(x — e, h(x))

X

Very Hard Task
m Need for structural properties
m Coordinate transformation
m Constructive assumptions

m Observability # Existence of
observer

(2]

Alamir et al. (Nolcos 2

ation processes



Recalls on Nonlinear Observers

Analytic vs optimization based observer

Analytic observers optimization based observers

Rely on the implicati
(System) x = f(x); y = h(x) ely on the implication

(Observ) & = £(%) + K(%, y) {H.e) =0} = {x(t.t - 7. = x(1)}
\—,—/
Try to show asymptotic convergence of (1)
e = x — X governed by
+ No need to study e
X = f(x) .
. p K A + No need for structural assumptions
(x) = f{x = &) = K(x = e, h(x) + Observability < Observer
Very Hard Task + Handling constraints on the state

m Need for structural properties .
prop Potential problems

m Coordinate transformation

m Constructive assumptions - Global convergence ?
m Observability # Existence of - Computation time ?
observer
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Singularities Avoidance

The discrete-time estimation scheme

Present time

Past
[terations 4
¢ ) X (-t 14 A
€+ = §(¢0) Ts ¢ kN’\g(k))//’ (i)

IS

€(t) = lim;_e €

/ €0 =prediction based on é(tk,l)
E(t-1)

tk-N-1  tg-N Uk

(2]
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Singularities Avoidance

The discrete-time estimation scheme

Present time

Past
Iterations R
£+ — §(¢00) Ts X('7ik;N,§(tk))

r

é(tk—l) /

€(t) = lim;_e €

€0 =prediction based on é(tk,l)

a(tr)

lk-N-1

tk-N

%(t) = X (e, teon, £(t))
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Singularities Avoidance

The discrete-time estimation scheme

Present time

Past
[terations .
=gy o Kbhenll)
€(tx) = lim; o €O
/ €0 =prediction based on é(tk,l)
E(tr-1)
te-N-1 kN ty
k
(1) = ar, min [Jt7 }:z ti) — Y(ti, tk—n, 02
o) =arg _gmin | [J0.0] i= 3 Ite) = Yo timiOllago

(2]
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Singularities Avoidance

The discrete-time estimation scheme

Present time

Past
[terations 4
¢ ) X (-t i A
€0+ = §(e) Ts ¢ kN’\g(lL/’ (i)

r

/ €0 =prediction based on é(tk,l)
E(t-1)

tk-N-1  tg-N Uk

€9 = X(teen, tien—1, €(te—1))
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Singularities Avoidance

The discrete-time estimation scheme

Past

Present time

Iterations

£liH1) = §(00) Ty

r

E(tr-1) /

X (- tron, E(tr))

—

€0 =prediction based on é(tk,l)

a(tr)

lk-N-1

tk-N

In practice:  &(t) = &M = S (¢ 1yt )
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Singularities Avoidance

The discrete-time estimation scheme

Past

Present time

Iterations

£liH1) = §(00) Ty

r

E(tr-1) /

X (- tron, E(tr))

—

€0 =prediction based on é(tk,l)

a(tr)

lk-N-1

In practice:  £(ti) = M) = SV (€t 1), b,y )

Alamir et al. (Nolcos 2

tk-N

ik

(2]

ation processes



Singularities Avoidance

State estimation is a very particular optimization problem
Particular feature of the state estimation related optimization problem

x(tk—n) is the unique global minimum of ALL the optimization problems:

K
§(te) = arg §eer(1tikn,N)[J(tk’£)} = i:;N Iy (&) = Yt te—n: Ol g, ) ’

that may be obtained by changing the positive definite weighting matrices Qi(k).

(2]
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Singularities Avoidance

State estimation is a very particular optimization problem
Particular feature of the state estimation related optimization problem

x(tk—n) is the unique global minimum of ALL the optimization problems:

K
(1) = ar, min [ tk, € } ti) — Y(ti, te—n, o’
&(t) gsex(tk,,v) k I:kZNHY( k—N 5)“0,(@

that may be obtained by changing the positive definite weighting matrices Qi(k).

v

Let us take the following family subset of weighting choices:

Q(k)=~""g I, st ¢>0 and » g =1 (1)

m v €]0, 1] Forgetting factor

m [, identity matrix in R X"y

m Notations: g = (g1, G2, -, an) ' Ja(t, &), SN (€@, 1,y )

(2]
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Singularities Avoidance

Crossing singularity by swapping the weighting vectors

Jg(tr, &)
./,7(17 (t/,., rS)

(1) 3

Im

(2]
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Singularities Avoidance

Crossing singularity by swapping the weighting vectors

Jg(tr, &)
Jag (e, &)
.](7(2) (tk-,, f)
1 p
ps @ ¢
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Singularities Avoidance

Crossing singularity by swapping the weighting vectors

Jg(tr, &)
Jag (e, &)
.](7(2) (tk-,, f)
(1) (2) ¢

Im Im

m Generally, J,)(tk, ") and Jy) (t«, ) have no reasons to share the same
LOCAL minima
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Singularities Avoidance

Crossing singularity by swapping the weighting vectors

Jg(tr, &)
Jag (e, &)
.](7(2) (tk-,, f)
(1) (2) ¢

Im Im

m Generally, J,)(tk, ") and Jy) (t«, ) have no reasons to share the same
LOCAL minima

m They DO share the same global minimum x(tx—n)
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Singularities Avoidance

Crossing singularity by swapping the weighting vectors

Jg(tr, &)
Jag (e, &)
.](7(2) (tk-,, f)
(1) (2) ¢

Im Im

m Generally, J,)(tk, ") and Jy) (t«, ) have no reasons to share the same
LOCAL minima

m They DO share the same global minimum x(tx—n)

m Think about an infinite number of J;(tx, ) (randomly generated)

(2]
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Singularities Avoidance

This suggests

The crossing singularities heuristic

1
q — (1 1 ... 1
a— ( )
E(tk) — X(tkon, tken—1,E(te—1))
for (i = 1 : Nijais)
€(te) — SFm™ (E(t), tir vie )
Generate randomly new admissible g

end
(i) — X(tu, teen, €(t))

(2]
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Singularities Avoidance

This suggests

The crossing singularities heuristic

1
q — (1 1 ... 1
a— ( )
E(tk) — X(tkon, tken—1,E(te—1))
for (i = 1 : Nijais)
€(te) — SFm™ (E(t), tir vie )
Generate randomly new admissible g

end
(i) — X(tu, teen, €(t))
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m This is not a multiple initial
guess trials

® Implementation constraint

Ntrial X Nmax X Titer S Ts

m The Trade-off is problem
dependent

(2]
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Application to Terpolymerization Reactors

Application: State estimation of terpolymerization reactors

m Produce polymer from
multi-monomer

m Controlling the final properties
need the state to be estimated

m State: Polymer composition <
Monomers concetrations

m Complex equations

m Unknown dynamics

m High gain observers need
tremendous simplifications to give
rather poor performance

Alamir et al. (Nolcos 2007)
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Application to Terpolymerization Reactors

Terpolymerization reactors: The mathematical model

N; = Q; — Rp; i=1,2,3

(2]
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Application to Terpolymerization Reactors

Terpolymerization reactors: The mathematical model

Ni= Qi — Rpi i=1,2,3
Re, = 1 [MF](kp1i P{ + kpi PS + kpsi PY)
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Application to Terpolymerization Reactors

Terpolymerization reactors: The mathematical model

Ni= Qi — Rpi i=1,2,3
Re, = 1 [MF](kp1i P{ + kpi PS + kpsi PY)

where

Pf=——7— ; Pf= , Pf=1-P - P/

a+ 0+

(2]
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Application to Terpolymerization Reactors

Terpolymerization reactors: The mathematical model

Ni= Qi — Rpi i=1,2,3
Re, = p[M{1(kpti Pf + kpoi P3 + ky3iPY)
where
pP—_— 9 . opp__ B pp_q_pP_pP
1 Oé"‘ﬁ“r'y 2 Oé+/8+’}/ 3 1 2
in which
o = [Mlp](kpﬂkﬂl[Mf] + kp?lkp32[M2P] + kp31kp23[M3P])
B = [M1(kprokpsi [ML] + kprokosa M3 ] + kpskpsa[ M5 ])
v = [M5](kesko1 [M{] + koorkpos[Ms ] + kprskpos[M3])

(2]
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Application to Terpolymerization Reactors

Terpolymerization reactors: The mathematical model

Ni= Qi — Rpi i=1,2,3
Re, = pIMF)(koti PY + kpoi P3 + kp3i PY)
where

po_ @ . oppo_ B opr_q_pp_prp

g . PP = :
Pat B4y P atfB+y ’

The [MF] depend in the state according to:

(L—¢p)N;
W, (Phase II)
j .
[M7] = & N;
- (Phase III)
pORVIICk L LS
i ’ Pj,h Pj

(2]
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Application to Terpolymerization Reactors

Terpolymerization reactors: The mathematical model
N; = Qi — Rpi i=1,23
Re, = u[M|(kori P + ko2i P34 kpsi P3)

m u plays a crucial role

m The dynamic of p is unknown

(2]
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Application to Terpolymerization Reactors

Terpolymerization reactors: The mathematical model

Ni = Qi — Rpi i=123
Re, = u[MF)(kp1i PY + kp2i P + kp3i PY)

m u plays a crucial role

m The dynamic of p is unknown

m Measurement

The overall monomer conversion measured by calorimetry:

XL MWV — )
ST, MWN]

(2]
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Validation Results

Simulation results

Experimental results
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Simulation results

. 14+ d 0 0

No= 0 1+d 0 |-flxu)
0 0 1+d;

po= 0

y = (1+v) h(x)

m The state
x:= (Ny Np N p) € RY

m The uncertainties

d,(k) = dmax . I’,‘(k)
v(k) = Vmax - r(k)
m r; and v randomly chosen in [—1, +1] i

Alamir et al. (Nolcos 2007)
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N,: True (solid) N,: True (solid) N,: True (solid)

vs estimated (dotted) vs estimated (dotted) vs estimated (dotted)
.

05 =
o 1000 2000 3000 o 1000 2000 3000 0 1000 2000 3000

Time (s) Time (s) Time (s)
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12 012
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0.6
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2 0.04
A T ey 02 !
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15 02 o
o 1000 2000 3000 o 1000 2000 3000 o 1000 2000 3000
Time (s) Time (s) Time (s)

Figure: Observer behavior under model uncertainty given by (2)-(2) with dmax = 10%
and no measurement noise (Vmax = 0). The observation horizon is N = 10 and the
number of trials for the singularity crossing scheme is Ny,s = 4. Initial state of the
observer is X(0) = diag(0.8,1.3,1.3) - x(0) and fops(0) = 0.8tmodel-
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N,: True (solid) N,: True (solid) N i True (solid)

vs estimated (dotted) vs estimated (dotted) vs estimated (dotted)

1 T

05 =
o 1000 2000 3000 o 1000 2000 3000 0 1000 2000 3000
Time (s) Time (5) “Time (s)

10° n The outputs The uncertainty vector &

o 1000 2000 3000 o 1000 2000 3000 o 1000 2000 3000
“Time (s) Time (s) Time (s)

Figure: Observer behavior under model uncertainty given by (2)-(2) with dmax = 10%
and in the presence of measurement noise (vmax = 0.01). The observation horizon is
N = 15 and the number of trials for the singularity crossing scheme is N5 = 4.
tobs(0) = 0.81moder. Note that concerning the output, only the true output and the
estimated one are shown, measurement noise is not presented. This scenario uses a
tolerance € = 10~8 for the optimization subroutine.
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N, True (solid) N, True (solid) N, True (solid)
Estimation with N =4 (dotted) Estimation with N =4 (dotred) Estimation with N =4 (dotted)
Estimation with N =1 (dashed) Estimation with N =1 (dashed) Estimation with N =1 (dashed)

rrmlxi4

s =1
rials of ials T Tt =9
0
) 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000
Time (s) Time (s) Time (s)
<107 N I'he outputs I'he uncertainty vector &
35 15
3 1
25 0.5
2 & of
v
15 05
0 1000 2000 3000 0 1000 2000 3000 1000 2000 3000
“Time (s) Time (s) “Time (s)

Figure: Comparison between the observer behavior when Ny, = 1 and Ny = 4
under the scenario depicted on figure 77. Note how the singularity cross mechanism
enables to avoid drops in the estimation quality when the observer encounters a
singular situation. This scenario uses a tolerance ¢ = 108 for the optimization
subroutine.
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Experimental results

[ Parameter | Value [ Unit

¢g 0.4
MW, 128.2 (g/mol)
MW, 100.12 (g/mol)
MWs 86.09 (g/mol)
p1 0.89 (g/cm?)
o 0.94 (g/cm?)
o3 0.93 (g/cm?)
P1,h 1.08 (g/cm?)
P2,k 1.15 (g/cm®)
P3,h 117 (g/cm®)
kp11 4.5 x 10° (cm3/mol/s)
kp22 1.28 x 108 | (cm®/mol/s)
kp33 4.26 x 10° (cm®/mol/s)
o 0.355

1 1.98

n3 6.635

fo 0.037

123 22.21

32 0.07

Table: Parameter values of the
terpolymerization of BuA/MMA /VAc
(used in the experimental validation)

[ Component [ Charge (g) |
Butyl acrylate 300
Methyl methacrylate 300
Vinyl acetate 60
Sodium dioctyl sulfosuccinate 3
Potassium persulfate 2
Water 2380

Table: Recipe of the terpolymerization of

BuA/MMA /VAc
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Results

Experimental results: Nyas = 10

NZ N'ﬁ
0.8
0.6
2
0.4 *
1
0.2
e o
0 o - 0 -
0 50 100 0 50 100 0 50 100
Time (min) Time (min) Time (min)
<107 K The outputs Computation time (sec)
201 1 5
0.8 4
10 0.6 3
0.4 2
5
) 0.2 1
O e gt
- 0 - 0 -
0 50 100 0 50 100 0 50 100
Time (min) Time (min) Time (min)

Figure: Experimental validation with N,s = 10 and tolerance threshold ¢ = 1073.
The same scenario is depicted on figure 5 where Ny,5s = 1 is used. The computation
time is given in seconds.
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Experimental results: Nijas = 1

N, N,
2
) 1
S— P ]
0 0 = 0 =
0 50 100 0 50 100 0 50 100
Time (min) Time (min) Time (min)
. N The outputs Computation time (sec)
x 10 -
2 1 5
s 0.8 4
0.6 3
1
0.4 2
0.2 1 "l ﬂ
[ — 0 -
50 100 0 50 100 0 50 100
Time (min) Time (min) Time (min)

Figure: Experimental validation with Ny,s = 1 and tolerance threshold e = 103.
The same scenario is depicted on figure 4 where Ny s = 10 is used. The computation
time is given in seconds.
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Conclusion & Future Work

Conclusion & Future work

Conclusion
m Moving-Horizon Observers is a suitable choice to handle

m Nonlinearity
m Complex (uncertain) dynamics
m The associated optimization problem is VERY PARTICULAR

m This enables a dedicated singularity avoidance heuristics

Future work

m Quality control by output feedback of terpolymerization processes

m More extensive (statistical) study of the singularity avoidance heuristic’s
efficiency

(SN
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Conclusion & Future Work

Example of a selection index

Segow) = (=€) + [ L(wle)2()

m e, (o) =yl_1(0) — Y(o,t — T,& w) output prediction error
m £*(t) condenses the past knowledge.
m For Kalman filter

Lw,ey) =w' Q@ 'w+e, R g,

£°(t) Induced by the past estimate (discrete KF)

(2]
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Conclusion & Future Work

Handling abrupt behavior of uncertainties

-

Time

(2]
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Conclusion & Future Work

Handling abrupt behavior of uncertainties

-

Time
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Conclusion & Future Work

Handling abrupt behavior of uncertainties

-

Time
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Handling abrupt behavior of uncertainties

-

Time
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Conclusion & Future Work

Handling abrupt behavior of uncertainties

-

Time
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Conclusion & Future Work

Handling abrupt behavior of uncertainties

-

Time
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Conclusion & Future Work

Non smooth behaviors can be parametrized

K%("Pf))

i w()
T

P

/\j pw = (05,05, p%)
e

W1(',p$3))

Time

W, po) = Wi(r,pl)) if < pl
o Wa(r,p)  otherwise

(2]
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Conclusion & Future Work

Definition of the phase II: Existence of monomer droplets

1 AP
N161 + Nado 4 N3dz — ((ﬁipép)a >0 (2)
P
where (1 6)
1 —
i =MWi(=— 4+ —"P) i=1,2,3 3
(Pi Pi,h®p ) (3)
and ,
MW;N."

o= - (4)

pj7

(2]
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Conclusion & Future Work

Example of dynamic evolution of

10

[

o 20 40 60 B0 100 120
Time (men)
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