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Problem Statement

Optimal Robust Experiment Design: General Setting

x" = f(x,u,p)
y = h(x,p) +w

e x € R” state
e u € R™ control
e y € R"™ measurement

® w measurement errors
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Problem Statement

Optimal Robust Experiment Design: General Setting

Identification Problem (After some experiment)

xt = f(x,u,p) .
y =h(x,p)+w p:=argmin J(p, y(")) = ;0 Qe (9u(p, u(*)) — y)
{Q«(-)}« contains knowledge on w
e x € R" state
e u € R" control )

e y € R"™ measurement

® w measurement errors
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Problem Statement

Optimal Robust Experiment Design: General Setting

Identification Problem (After some experiment)

x" = f(x,u,p) .
y = h(x,p) +w pi=argminJ(p,y (")) := > Qu(9nlp, u(-) — y)
k=0

{Q«(-)}« contains knowledge on w
e x € R" state

e u e R™ control y

n;
* y € R™ measurement Problem Statement

® w measurement errors
Given some known initial state xp, compute a control
profile u(-) defined on [0, T] such that the resulting
identification problem is WELL POSED

Regardless

® The unknown value of p

® The sequence of measurement errors w(-)
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Problem Statement

Optimal Robust Experiment Design: General Setting

Identification Problem (After some experiment)

x" = f(x,u,p) .
y = h(x,p) +w pi=argminJ(p,y (")) := > Qu(9nlp, u(-) — y)
k=0

{Q«(-)}« contains knowledge on w
e x € R" state

e u e R™ control y

n;
* y € R™ measurement Problem Statement

® w measurement errors

Given some known initial state xp, compute a control
profile u(-) defined on [0, T] such that the resulting
identification problem is WELL POSED

What would be a criterion
of WELL POSDNESS for a Regardless
generally non convex ® The unknown value of p

optimization problem ? o
P P ® The sequence of measurement errors w(-)
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™
peP
Jo(p)
Pa Pb p" Pe P
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™

peP
Consider some iteration S:

p = S(p", ()

Jo(p)

Pa Pb p" Pe P
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™

peP
Consider some iteration S:

pt) = 57(p", ()

Jo(p)

Pa Pb p" Pe P
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™

peP
Consider some iteration S:
pt) = 57(p", ()
Define

© Jg) — path := {SV)(p© 4
(P, Jo) — pa { (p 0)}je{1,...,r}

(P — Jo) path

Pa p© py p" pe P

gipsa-lab
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™

pEP
Consider some iteration S:
P = S, ()
Define
(P, Jo) — path := { SV (o), o) }

gipsa-lab

()
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™

peP
Consider some iteration S:
pt) = 57(p", ()
Define

©), o) - path := { SV (p?),
P, Jo)—p { (p 0)}je{1,...,r}
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™

pEP
Consider some iteration S:
P = S, ()
Define
(P, Jo) — path := { SV (o), o) }
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Well Posdness

Consider an optimization problem:

Po Telyg'lo(p) . PCR™

Consider some iteration S:

pt) = 57(p", ()

Define
(0) _ — {1 s (p0
(b, Jo) ~path = {SO(O, )}

Pa Py 12

gipsa-lab
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Well Posdness

Consider an optimization problem:
. n The optimization problem Py is called
Po Telyg Jo(p) i PCR” N-safely redundant [Alamir, IFAC'08] iff

Consider some iteration S: . -
1) There exists a finite sequence of N cost

plit =8P, () functions J; sharing the same global
Define minimum p” € P.

2) There exists a solver § and a finite
s+ integer r* € N such that:

AY(p) =

; (r) )
;e(E.'T,N}[Jo(S (P, J)) = 7o(p)| <0

holds for some v € [0,1[ and all p € P

gipsa-lab
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Well Posdness

Consider an optimization problem:

Po : mink(p) ; PCR™

peEP

Consider some iteration S:
pt) = 57(p", ()
Define

Mazen Alamir

The optimization problem Py is called
N-safely redundant [Alamir, IFAC'08] iff

1) There exists a finite sequence of N cost
functions J; sharing the same global
minimum p" € P.

2) There exists a solver § and a finite
integer r* € N such that:

AY(p) =

; (r*) AN
;e(E.'T,N}[Jo(S (P, J)) = 7o(p)| <0

holds for some v € [0,1[ and all p € P
Well posdness criterion

1
= N <o}
{1 el <

s
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Well Posdness

Consider an optimization problem:

. n The optimization problem Py is called
Po Telyg Jo(p) i PCR” N-safely redundant [Alamir, IFAC'08] iff
Consider some iteration S: . .
] ] 1) There exists a finite sequence of N cost
plt) = Sr(P('), J(4)) functions J; sharing the same global
Define minimum p” € P.

(p, Jo) — path := {SU)(p(O),Jo)} 2) There exists a solver S and a finite

je{1,...ry integer r* € N such that:

) Ay(p) =
i )(p, 1)) —
i e min (oS P, ) 2 o(p)] < 0
1 \Jo(p)
| holds for some v € [0,1[ and all p € P
/|
o Well posdness criterion
V " max {l | max[AY(p)] < 0}
~velo, 1 Ly pEP N -

How to use this framework for
nonlinear robust experiment design ?

s
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Assumptions

xT = f(x,u,p)
y = h(x,p) +w
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xT = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q
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xT = f(x,u,p)
y = h(x,p) +w

27t 47t
U(t,q) == qrsin(—) + gasin(—) +
o u,=U(k,q) with g € Q Te Te
.i (671't)Jr i (87rt)
n{—— n
q3 T. q4 T.
or
. 2nt 2t
U(t, q) = qusin(==) + g2 cos( =) +
Te Te

in Art )+ ( Art
sSIN| — COos
a3 T. qa =

e

)
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xT = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0
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xT = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0

o y effective measurement
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xT = f(x,u,p)

y =h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0
o y effective measurement

e p" true value of p
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xT = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0
o y effective measurement
e p" true value of p

e e(q.p",p) = ¥(a,p) — ¥i(a,p")
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xT = f(x,u,p)

y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0
o y effective measurement

e p" true value of p

e e(q,0",p) = ¥i(a,p) — ¥(q,p")
dt(w,w*) = max{O, |w| — w*}

(component wise)

gipsa-lab
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xT = f(x,u,p)

y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0
o y effective measurement

e p" true value of p

e e(q.p",p) = ¥(a,p) — ¥i(a,p")

dt(w,w*) = max{O, |w| — w*}

(). ()=(2)
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xT = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0
o y effective measurement
e p" true value of p

e e(q,0",p) = ¥i(a,p) — ¥(q,p")
dt(w,w*) = max{O, |w| — w*}

(component wise)

Assumption on measurement errors w

S w(k + i)

pe S ¢w(k* - 1) : [_W7 W]

gipsa-lab
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xT = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w = 0

o y effective measurement

e p" true value of p

e e(q.p",p) = ¥(a,p) — ¥i(a,p")

dt(w,w*) = max{O, |w| — w*}

(component wise)

Assumption on measurement errors w i .
The ILh.s of the equation beside for for a MATLAB's

0.01 X RANDN function (maximum over 1000 trials) and

k*—1 : . . = 0.4
A w(k + i « _ its approximated upper bound w - ¢, (k) = 0.03/(k""%)
% € dw(k* —1)-[-w, W] .
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Redundancy in identification

xT = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q

Assume an experiment leading to y()
e y2(q, p) prediction under w =0

o y effective measurement

e p" true value of p

o «(q,p',p) = yi(a,p) — yi(q,P")
dt(w,w*) = max{O, |w| — w*}
(component wise)

Assumption on measurement errors w

S w(k + i)

pe S ¢w(k* - 1) : [_W7 W]
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Redundancy in identification

xT = f(x,u,p)

y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w =0
o y effective measurement

e p" true value of p

o «(q,p',p) = yi(a,p) — yi(q,P")
dt(w,w*) = max{O, |w| — w*}
(component wise)

Assumption on measurement errors w

St w(k+1)

€ gk =) [, ]

Mazen Alamir

Assume an experiment leading to y(’?’)

Identification amounts to find p s.t

Zf£8X7k [}’19+i(q7 P) — Vit
kmax - k + 1

S

€ buw(kmax — k) - [-w, W]
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Redundancy in identification

xT = f(x,u,p)

y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w =0
o y effective measurement

e p" true value of p

o «(q,p',p) = yi(a,p) — yi(q,P")
dt(w,w*) = max{O, |w| — w*}
(component wise)

Assumption on measurement errors w

St w(k+1)

€ gk =) [, ]

Mazen Alamir

Assume an experiment leading to y(’?’)

Identification amounts to find p s.t

Yoy i(@p )+ Wit

kmax—k | .0 m
Zi:o Yieri(a, p) — Yi+i
kmax - k + 1

€ ok — k) - [, W]
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Redundancy in identification

xT = f(x,u,p)

y = h(x,p) +w
o u,=U(k,q) with g € Q
e y2(q, p) prediction under w =0
o y effective measurement

e p" true value of p

o «(q,p',p) = yi(a,p) — yi(q,P")
dt(w,w*) = max{O, |w| — w*}
(component wise)

Assumption on measurement errors w

St w(k+1)

€ gk =) [, ]
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Assume an experiment leading to y(’?’)

Identification amounts to find p s.t

Zﬁ(':ﬂsxik |:5?<+i(q7 P, P) - Wk+i}
kmax - k + 1

S

€ bu(kmax — k) - [-w, W]
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Redundancy in identification

x" = f(x,u,p)
y = h(x,p) +w
o u,=U(k,q) with g € Q

Assume an experiment leading to y()
e y2(q, p) prediction under w =0

m . Identification amounts to find p s.t
o v, effective measurement

e p" true value of p

kmax*k
r r i— Wik
o (a0, P p) = ¥2(q, p) — ¥ (q, P") F(q, ', p) — 2imd__ Wi

Kmax — k +1
d*(w,w") := max{0, |w| - w" } € Gu(kmax — k) - [~ %, W]
(component wise)

Assumption on measurement errors w

St w(k+1)

€ gk =) [, ]

gipsa-lab

flbusn
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Redundancy in identification

Assumption on measurement errors w

k*—1 .
Z,‘:o w(k + i)
Pl S 6

k*

Identification amounts to find p s.t.

Kmax —k
Zi;"ox Wic+i _

Mk(g.p" p) = === K11 € Sw(kmax — k) - [—w, W]
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Redundancy in identification

Assumption on measurement errors w

SE T wlk + i)

e € puw(k* —1)-[~w, W]

Identification amounts to find p s.t.

Kmax — k
Dol Wi

=0 B € (ke — K) - [0, 7]

rk(qy pf’ p) -

which is equivalent to

k, —k
2l Wi

Vi(a,p' P ) = d+(rk(q,pr7p) " kmax— k+1

s Gw(kmax — k) - |7v) =0
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Redundancy in identification

Assumption on measurement errors w

SE T wlk + i)

e € puw(k* —1)-[~w, W]

Identification amounts to find p s.t.

Kmax — k
Dol Wi

=0 B € (ke — K) - [0, 7]

rk(qy pf’ p) -

which is equivalent to

Kmax —k

\ ’ . = +(r r. _,:07‘/‘% Pw kmax_k :
(g, p", pywy) :=d" (T(a,p", p) o —k11? ( )
or for all positive weighting profiles ®; : [0, T] — R;:
Kmax
Ji(a, 0 pwiy) =Y Pi(k) - [[Wi(q, P’ p, wiy)l| = 0
k=0

Mazen Alamir
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Redundancy in identification

Assumption on measurement errors w

k*—lW i
Lo M) ke~ 1) [

Identification amounts to find p s.t.

r S W _
Tk(g,p", p) — Ko k11 © Sl kmax — k) - [—w, W]

which is equivalent to

Kmax —k
r r = Wic+i / —
Wk(CI:P P, W(~)) = d+(rk(q,p -,P) - koiikﬂ_ﬁﬁ')w(kmax - k) : W) =0

or for all positive weighting profiles ®; : [0, T] — R;:

Kmax
Ji(@, P’y Py wiy) =Y Pilk) - [Wi(a, P’ Py wiy)l| = 0 3‘3
k=0 [}

Mazen Alamir
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Redundancy in identification

Assumption on measurement errors w

SE T wlk + i)

e € puw(k* —1)-[~w, W]

Identification amounts to find p s.t.

Kmax — k
Dol Wi

rk(qvpr7p)7 k —k+1

€ dwl(kmax — k) - [—w, W]

which is equivalent to

wk(qur7p7 ) = d+(rk(q7pr7 p) 72¢W(kmax - k) . W) =0

or for all positive weighting profiles ®; : [0, T] — R;:

Kmax

Jiq, p" Py wiy) =Y ®i(k) - [Wk(g, P’y pw) =0 g‘
k=0 >
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Redundancy in identification

Assumption on measurement errors w

SE T wlk + i)

e € puw(k* —1)-[~w, W]

Identification amounts to find p s.t.

Kmax — k
Dol Wi

rk(qvpr7p)7 k —k+1

€ dwl(kmax — k) - [—w, W]

which is equivalent to

wk(qur7p7 ) = d+(rk(q7pr7 p) 72¢W(kmax - k) . W) =0

or for all positive weighting profiles ®; : [0, T] — R;:

Kmax

(a0 p) =Y ®i(k) - [Wil(q.p", )] = O i
k=0 [}
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Experiment Design

Optimal Robust Experiment Design

Find optimal excitation parameter gop:(7y) s.t.

o = arg min A} =1 max A%(q,p, }
Gopc(7) = 2rg min Ay(q) := | max  An(q, P’ p)

where 7 is the minimum value in [0, 1] such that

AR(gopt(7)) = 0

Mazen Alamir
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Consider the oscillator Gopt(y) = arg [7"6'8 AXl(‘?)
X1 = pxx+u A(q) = [ max AY(q,p, p)]
. 2 (p",p)EP?
X = =9+ (1-x)x
y = XxX1+w
P=1[0.5, 2.0]

Ut,q) = x(t) - q
qgecQ:=[-1.0,+1.0"
7 = 0.0625, kmax = 60
xo = (0.1,0)

Initial guess go =1 € Q
25-nodes grid on P

gipsa-lab

flbusn
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Consider the oscillator Gopt(y) = arg [7"6'8 AXl(‘?)
X1 = pxx+u A(q) = [ max AY(q,p, p)]
. 2 (p",p)EP?
X = =9+ (1-x)x
y = XxX1+w

g
<

P=[05, 2.0]

U(t,q) = x(t) - q
qgecQ:=[-1.0,+1.0"
7 = 0.0625, kmax = 60
xo = (0.1,0)

BN g A
5888

Evolution of the # cost functions J;(q, p", -) defined by

. ®;(t) == o 30]> 0,40 fj0,50]» /[0, 60]
Initial guess g =1 € Q
for the same excitation when p” = 1.25.

25-nodes grid on P

o
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Consider the oscillator Gopt(y) = arg [7"6'8 AXl(‘?)
X1 = pxx+u A(q) = [ max AY(q,p, p)]
. 2 (p",p)EP?
X = =9+ (1-x)x
y = X1+ w (1) (2)
P= [0.5 , 2'0] s (3)),5 85— @ s
U(t,q) =x(t)-q E
qgecQ:=[-1.0,+1.0" = \/\N\/

7 = 0.0625, kmax = 60
Experiments with sin signals
Xo = (01, O) @ Initial worst case
.. worst case after 1-redundancy optimization
Initial guess g =1 € Q e yoP

© worst case after 8-redundancy optimization

25-nodes grid on P © Values of the A(f&(qg,)n o9 b
and A33(q$), )
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Consider the oscillator Gopt(y) = arg [7"6'8 AXl(‘?)
X1 = pxx+u A(q) = [ max AY(q,p, p)]
. 2 (p",p)EP?
X = =9+ (1-x)x
y = X1+ w (1) ) (2)
S/~
P=1[0.5, 2.0] ey e

U(t,q) = x(t)-q : 7
g€ Q:=[-1.0,+10]* — WW
7 = 0.0625, knax = 60 — oo
x0 = (0.1,0)

Experiments with sin — cos signals
@ Initial worst case
.. worst case after 1-redundancy optimization
Initial guess g =1 € Q e yoP

© worst case after 8-redundancy optimization

25-nodes grid on P @ Values of the Ag&(qg’)“ 29
and A33(q$), )

Mazen Alamir

Optimal Robust Experiment Design for Nonlinear Systems



Consider the oscillator Gopt(y) = arg [7"6'8 AXl(‘?)
X1 = pxx+u A(q) = [ max AY(q,p, p)]
. 2 (p",p)EP?
X = =9+ (1-x)x
y = xi+w (1) (2)

(solid) N =28
(dotted)

P=[05, 2.0] .
U(t,q) = x(t) - q

qgecQ:=[-1.0,+1.0"
7 = 0.0625, kmax = 60

Convergence of g during the experiment

x = (0.1,0) optimization
Initial guess go = 1€ Q ©® using sin signals
25-nodes grid on P @® using sin — cos signals gipsa-lab

E
s
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Consider the oscillator Gopt(y) = arg [7"6'8 AXl(‘?)
X1 = pxx+u A(q) = [ max AY(q,p, p)]
. 2 (p",p)EP?
X = =9+ (1-x)x
y = XxX1+w

P=[05, 2.0]

U(t,q) = x(t) - q
q€Q:=[-1.0,+1.0*
7 = 0.0625, kmax = 60

Evolution of the excitation vector g

x = (0.1,0) during the experiment optimization for
Initial guess g =1 € Q the sin experiment. (Combined SQP-

. Gradient with trust region-like mecha-
25-nodes grid on P nism) = gipsa-lab

fls
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Consider the oscillator Gopt(y) = arg [7"6'8 AXl(‘?)
X1 = pxx+u A(q) = [ max AY(q,p, p)]
. 2 (p",p)EP?
X = =9+ (1-x)x
y X1+ w

P=1[05, 2.0]
U(t,q) = x(t) - q ’
q€Q:=[-1.0,+1.0*
7 = 0.0625, kmax = 60

% = (0.1,0) Index of the first solver-path achieving

0= 5 the contraction for different values of v

Initial guess go = 1€ Q vs the index on the (p', p) exploration
grid.

25-nodes grid on P

()

Mazen Alamir

Optimal Robust Experiment Design for Nonlinear Systems



Conclusion

Summarize

+ Well posdness criterion (nonlinear)

+ Account for temporal properties of
noise & meas. errors

+ Robust experiment design
formulation

+ Account for the specific
optimization process

— Computationally expensive
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Conclusion

Summarize

+ Well posdness criterion (nonlinear) Ey —

+ Account for temporal properties of o Derive a simultaneous game-like
noise & meas. errors iterative algorithm
+ Robust experiment design e Application to linear context
formulation
e Nonlinear Non parametric
+ Account for the specific identification via graphical
optimization process signatures

— Computationally expensive

Mazen Alamir
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Appendix

0.9

o.8H

0.7
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where the T;'s are recurrently defined by:

0.9

To(k) =1; Tu(k) =k ; Tipa(k) = 2kTi(k) — Ti_1(k)

Mazen Alamir
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Fast Real-Time Nonlinear-MPC

ipsa-lab
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Appendix

A grid-free scheme

To solve
minmax C(q,z) = G4(z) = C:(q)
q z

Use the implicit dynamics

q" =50 (a. ¢

z* = arg ae?zé.)?.h} Co(z5)

75 =87 (z(,, Cq>

Replace minimum value z, by a random trial

Mazen Alamir
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