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Disclaimer

The following material is not supposed to be fully understood!

Only its diversity and wide scope is to be taken home!

The major part of the concepts and tools will be shortly outdated!

. . .Unless they already are!

Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2 / 82



Disclaimer

The following material is not supposed to be fully understood!

Only its diversity and wide scope is to be taken home!

The major part of the concepts and tools will be shortly outdated!

. . .Unless they already are!

Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2 / 82



Disclaimer

The following material is not supposed to be fully understood!

Only its diversity and wide scope is to be taken home!

The major part of the concepts and tools will be shortly outdated!

. . .Unless they already are!

Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2 / 82



Disclaimer

The following material is not supposed to be fully understood!

Only its diversity and wide scope is to be taken home!

The major part of the concepts and tools will be shortly outdated!

. . .Unless they already are!

Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2 / 82



Disclaimer

The following material is not supposed to be fully understood!

Only its diversity and wide scope is to be taken home!

The major part of the concepts and tools will be shortly outdated!

. . .Unless they already are!

Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2 / 82



Disclaimer

The following material is not supposed to be fully understood!

Only its diversity and wide scope is to be taken home!

The major part of the concepts and tools will be shortly outdated!

. . .Unless they already are!

Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2 / 82



Outline

1 Data-driven partial observability assessment under uncertainties

2 Learning-Based Approximate Stochastic NMPC Design

3 Tractable stochastic NMPC by supervised clustering

4 Data-Driven NMPC by cost function identification

5 Learning-Based Monitoring updating period in Real-time NMPC

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 3 / 82



| Data-driven partial observability assessment under uncertainties

1 Data-driven partial observability assessment under uncertainties

2 Learning-Based Approximate Stochastic NMPC Design

3 Tractable stochastic NMPC by supervised clustering

4 Data-Driven NMPC by cost function identification

5 Learning-Based Monitoring updating period in Real-time NMPC

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 4 / 82



| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (Parametric estimation example)
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| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (Parametric estimation example)

Model’s diagram

Model’s parameters

Model calibration
Data should be sufficiently rich to
reveal the true values of the pa-
rameters. The more parameters you
have, the richer data you need!

(NOTA) Richer ∕= high number
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| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (A simple example)

True model y(t) = t

# of measurement nobs = 5

Fit polynomials of ∕= degrees

Training measurements

Fitted values at training samples

various noise levels

Noise=0 / Order=1
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What is it about? (A simple example)

True model y(t) = t

# of measurement nobs = 5

Fit polynomials of ∕= degrees

Training measurements

Fitted values at training samples

various noise levels
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What is it about? (A simple example)

True model y(t) = t

# of measurement nobs = 5

Fit polynomials of ∕= degrees

Training measurements

Fitted values at training samples

various noise levels

Noise=0.015 / Order=1
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| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (A simple example)

True model y(t) = t

# of measurement nobs = 5

Fit polynomials of ∕= degrees

Training measurements

Fitted values at training samples

various noise levels

Noise=0.015 / Order=4

This phenomenon is called Over-Fitting

An over fitted model is dangerous because it can lead to very high
prediction errors on unseen realizations.

(This can be avoided by assessing the model by cross-validation techniques)
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| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (Away from identification textbooks)

In identification text-books, the previous situation
does not prevail.

The ratio between the samples and the number of
parameters is generally quite high.

Mechatronic systems, electrical systems, . . . etc.

Identification is done once for all

Initial state importance is marginal
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| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (The diabetes example)
h
tt
p
s:
/
/
q
u
iz
le
t.
co

m

Diabetes → bad control of Glucose

Need for control that keeps Glucose in a safe region

Control is based on Insuline injection

Dynamics shows large delays (⇒ Needs anticipation)

The parameters of the dynamics varie:

! Between patients

! Over time for the same patient
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| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (The diabetes example)
h
tt
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q
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Diabetes → bad control of Glucose

Need for control that keeps Glucose in a safe region

Control is based on Insuline injection

Dynamics shows large delays (⇒ Needs anticipation)

The parameters of the dynamics varie:

! Between patients

! Over time for the same patient

observation/identification window

Few measurement
Many parameters
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| Data-driven partial observability assessment under uncertainties | Introduction: The need for extended partial observability

What is it about? (Why on earth should we estimate state/parameters?)

Purely data driven solutions can
capture only relationships between
measured quantities.
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What is it about? (Why on earth should we estimate state/parameters?)

Purely data driven solutions can
capture only relationships between
measured quantities.

In many problems, either

The control objective or
The constraints

involve the internal non measured
state in their expressions.

In these cases, monitoring and/or
controlling the system needs the
state/parameters to be dynamically
reconstructed!

Why to rely on ML to approximately
rediscover Newton-law?

A constraint such as x4 ≥ Threshold cannot be addressed via

data-driven solutions that do not involve measurement of x4
unless a model and associated state reconstruction algorithm
are used.

Question: Am I in the right room?

Answer: Definitively!
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| Data-driven partial observability assessment under uncertainties | Data Driven Solutions

What is precisely a data-driven solution?

A data-driven solution is a multi-step process such that:

Step 1 Step 2 . . . Step i . . .
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| Data-driven partial observability assessment under uncertainties | Data Driven Solutions

What is precisely a data-driven solution?

A data-driven solution is a multi-step process such that:

Step 1 Step 2 . . . Step i . . .

A step where a data-set is
generated/collected for later
use in the design/certification
process.

The mathematical model alone and all
the related derivations, assumptions and
computations are insufficient to come out
with quantifiable results and or appropri-
ate choices.

The reality should be partially discovered
by a rich set of realizations of the involved
uncertain quantities!
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| Data-driven partial observability assessment under uncertainties | The Dynamic extended estimation problem

The dynamic extended estimation problem

time

x0

y
p
u

Dynamics

(x0, p) unknown

u
+

ν

(noise)

y

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 11 / 82



| Data-driven partial observability assessment under uncertainties | The Dynamic extended estimation problem

The dynamic extended estimation problem

time

x0

y
p
u

Dynamics

(x0, p) unknown

u
+

ν

(noise)

y

Algorithm?

Guess (x0, p) → (x̂0, p̂)
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Dynamics
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(noise)

y

Algorithm?

Guess (x0, p) → (x̂0, p̂)

Unknown

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 11 / 82



| Data-driven partial observability assessment under uncertainties | The Dynamic extended estimation problem

The dynamic extended estimation problem

time

x0

y
p
u

Dynamics

(x0, p) unknown

u
+

ν

(noise)

y

Algorithm?

Guess (x0, p) → (x̂0, p̂)

Unknown

This has to be repeatedly done on-line at
each sampling period
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| Data-driven partial observability assessment under uncertainties | The Dynamic extended estimation problem

The dynamic extended estimation problem

timek − N k

x̂k

x0

y
p
u

Dynamics

(x0, p) unknown

u
+

ν

(noise)

y

Algorithm?

Guess (x0, p) → (x̂0, p̂)

Unknown

This has to be repeatedly done on-line at
each sampling period

Given the estimation at instant k

(x̂0, p̂)

The current state is estimated by

x̂k = XN (x̂0, p̂,u)

More generally, the value of any quantity:

z = T (x, p)

Can be estimated by:

ẑk = T
!
XN (x̂0, p̂,u), p̂

"
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timek − N k

x̂k

x0

y
p
u

Dynamics

(x0, p) unknown

u
+

ν

(noise)

y

Algorithm?

Guess (x0, p) → (x̂0, p̂)

Unknown

Given the estimation at instant k

(x̂0, p̂)

The current state is estimated by

x̂k = XN (x̂0, p̂,u)

More generally, the value of any quantity:

z = T (x, p)

Can be estimated by:

ẑk = T
!
XN (x̂0, p̂,u), p̂

"

z = T (x, p) is called hereafter, the estimation target.

Example. A feedback law K(x, p) can be viewed as an estimation target in
an observer-based control design.
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| Data-driven partial observability assessment under uncertainties | Problem statement

Problem statement

Given

1. An uncertain model ẋ = f(x, u, p)

2. Statistics of uncertainties P on P

3. Statistics of states X on X

4. Statistics of measurement noise V on V

5. A given observation target z = T (x, p)
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1. An uncertain model ẋ = f(x, u, p)

2. Statistics of uncertainties P on P

3. Statistics of states X on X

4. Statistics of measurement noise V on V

5. A given observation target z = T (x, p)

Derive a certified bound on the excur-
sion of the estimation error on the obser-
vation target z together with guidelines
towards its minimization.
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| Data-driven partial observability assessment under uncertainties | Notation

Notation: The scenarios vector q

Dynamics

(x, p) unknown

u
+

ν

(noise)

y

q :=

!

""#

x
p
u
ν

$

%%& =:

!

""#

qx
qp
qu
qν

$

%%&
Y (q)

+

ν

(noise)

Ym(q)
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""#

qx
qp
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qν

$

%%&
Y (q)

+

ν

(noise)

Ym(q)

q: data generating a noisy
measurement

noise-free output noisy measurements

This implicitly involves an observation horizon
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| Data-driven partial observability assessment under uncertainties | The cost function

The cost function (Distance between scenarios)

Unknown Truth q! :=

#

$$%

q!x
q!p
q!u
q!ν

&

''( y := Ym(q")

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 14 / 82



| Data-driven partial observability assessment under uncertainties | The cost function

The cost function (Distance between scenarios)

Unknown Truth q! :=

#

$$%

q!x
q!p
q!u
q!ν

&

''( y := Ym(q")

Looking for (q!x, q
!
p) q :=

#

$$%

x0

p
q!u
0

&

''( Y (q)

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 14 / 82



| Data-driven partial observability assessment under uncertainties | The cost function

The cost function (Distance between scenarios)

Unknown Truth q! :=

#

$$%
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q!ν

&

''( y := Ym(q")

Looking for (q!x, q
!
p) q :=

#

$$%

x0

p
q!u
0

&

''( Y (q)

One might try to find the noise profile.

→ (nx + np + N · ny) parameters

vs (N · ny) information samples.
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the system.
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DeadZone size for output i

If the partial average’s mod-
ules is lower than the ζi-
associated upper bound then
the penalty is 0.
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| Data-driven partial observability assessment under uncertainties | Moving Horizon Estimators

Estimation as optimization problem (MHE: Moving-Horizon Estimator)

Mathematical model

u
Y (q)

defined on [t1, tN ]

Prediction

The prediction of the expected mea-
surement should the initial state be x0
and the true parameter be p under the
control profile u.
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The prediction error associated to q
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Prediction Measurement

Distance

ex. d(v1, v2) = ‖v1 − v2‖
2
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Michalaksa and Mayne. Moving Horizon
Observers. IEEE-TAC 1995.

M.A. Nonlinear Moving Horizon Ob-
servers. Springer 2007.

Kuhl et al. A real-time algorithm for
moving horizon state and parameter es-
timation. Computers & Chemical Eng.
2011.

Rawlings and Li. Optimization-Based
state estimation: Current status and
some new results. J. Process Control,
2012

M. A. Muller. Nonlinear Moving Hori-
zon Estimation in Presence of Bounded
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:= J(q |y, ζ)
here

How to tune the dead-zone
size vector ζ ∈ Rny

+ ?
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| Data-driven partial observability assessment under uncertainties | Dead-zone consistency condition

Dead-Zone consistency condition

Consistency

A dead-zone size vector ζ is
consistant (w.r.t the noise) if:

Any candidate scenario q
that meets the true value of
the triplet (q!x, q

!
p , q

!
u) should

lead to zero cost for any
possible realization of the
noise.
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J(q" | Ym(q"), ζ) = 0

Note that this can always be made true by taking sufficiently high values of ζ!
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| Data-driven partial observability assessment under uncertainties | Dead-zone consistency condition

Dead-Zone consistency condition

Consistency

A dead-zone size vector ζ is
consistant (w.r.t the noise) if:

Any candidate scenario q
that meets the true value of
the triplet (q!x, q

!
p , q

!
u) should

lead to zero cost for any
possible realization of the
noise.

J(q" | Ym(q"), ζ) = 0

Note that this can always be made true by taking sufficiently high values of ζ!

But this reduces the quality of the estimation!
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| Data-driven partial observability assessment under uncertainties | Partial ε-observability

!-observability of an observation target

q(1)

#

$$%

x
(1)
0

p(1)

u
0

&

''(

q(2)

#

$$%

x
(2)
0

p(2)

u
ν

&

''(

Notation: q(1) ⊲⊳ q(2) (comparable pair)

Two scenarios that share the
same input profile while one is
free of noise.
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Notation: q(1) ⊲⊳ q(2) (comparable pair)

Two scenarios that share the
same input profile while one is
free of noise.

If
J(q(1) | Ym(q(2)), ζ) = 0

Then: q(1) ≡ q(2) (indistinguishable pair)
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Notation: q(1) ⊲⊳ q(2) (comparable pair)

Two scenarios that share the
same input profile while one is
free of noise.

If
J(q(1) | Ym(q(2)), ζ) = 0

Then: q(1) ≡ q(2) (indistinguishable pair)

Given an observation target z = T (x, p), z is said to be ε-observable
on Q iff:

1 ∃ a dead-zone size vector ζ ∈ Rny
+ that is consistent on Q

2 ∀(q(1), q(2)) ∈ Q2:

)
q
(1)

⊲⊳ q
(2)

*
and

)
q
(1) ≡ q

(2)
*

⇒ ‖q(1)z − q
(2)
z ‖ ≤ ε

where qz := T (qx, qp). In other words, only pairs with
ε-distant observable targets can be both comparable and
indistinguishable.

ε-observability of a target z
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⇒ ‖q(1)z − q
(2)
z ‖ ≤ ε

where qz := T (qx, qp). In other words, only pairs with
ε-distant observable targets can be both comparable and
indistinguishable.

ε-observability of a target z

∀q ∈ Q, J(q | Ym(q), ζ) = 0

Consistency on Q
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where qz := T (qx, qp). In other words, only pairs with
ε-distant observable targets can be both comparable and
indistinguishable.

ε-observability of a target z

∀q ∈ Q, J(q | Ym(q), ζ) = 0

Consistency on Q

⇒ The ε-observability can be investigated by
inspecting realizations of the form:

w =

#

%
q
ξ
p

&

( ∈ Q × X × P

for which a constraint of the form:

g(θ, w) = 0 where θ := (ε, ζ)

should be satisfied

q

!
ξ
p

"
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indistinguishable.

ε-observability of a target z

∀q ∈ Q, J(q | Ym(q), ζ) = 0

Consistency on Q

⇒ The ε-observability can be investigated by
inspecting realizations of the form:

w =

#

%
q
ξ
p

&

( ∈ Q × X × P

for which a constraint of the form:

g(θ, w) = 0 where θ := (ε, ζ)

should be satisfied

q

!
ξ
p

"

A(w) ⇒ B(w) ⇔ 0 = f(w) =

+
0 if(Ā) ∪ (A ∩ B)
1 otherwise
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| Data-driven partial observability assessment under uncertainties | Partial ε-observability

Partial !-observability: a robust constraint satisfaction

Given:

A dynamic model with uncertain
parameter & noisy measurements

An observation target z = T (x, p)

A dead-zone size vector ζ ∈ Rny

+

A desired precision ε > 0

A set of interest
W := X× P× U× V/ 01 2

Q

×X× P
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An observation target z = T (x, p)

A dead-zone size vector ζ ∈ Rny

+

A desired precision ε > 0

A set of interest
W := X× P× U× V/ 01 2

Q

×X× P

There exists a computable scalar map:

g(θ, w)

where θ = (ε, ζ) such that:
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A set of interest
W := X× P× U× V/ 01 2

Q

×X× P

There exists a computable scalar map:

g(θ, w)

where θ = (ε, ζ) such that:

if the following condition holds:

∀w ∈ W, g(θ, w) = 0

then, solving:

(x"0, p
") ← min

x0,p
J
)*x0

p
u
0

+
| Ym, ζ)

,

leads to an estimation error on
the observation target z that
never exceeds ε.

and this holds true for any possible realiza-
tions inside the sets X, P, U and V
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,
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Mazen Alamir Grenoble school on Data-Driven Solutions in Control 18 / 82



| Data-driven partial observability assessment under uncertainties | Partial ε-observability
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Given:
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A robust constraint satisfaction condition

then, solving:

(x"0, p
") ← min

x0,p
J
)*x0

p
u
0

+
| Ym, ζ)

,

leads to an estimation error on
the observation target z that
never exceeds ε.

Optimal design

min
θ=(ε,ζ)

θ1 | g(θ, w) = 0 ∀w ∈ W

Intractable
over-pessimistic
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| Data-driven partial observability assessment under uncertainties | Probabilistic certification

Recalls on probabilistic certification

Probabilistic Certification

A general and tractable framework to face high uncer-
tainties and still have something to guarantee with an
explicit (hopefully high) probability.
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| Data-driven partial observability assessment under uncertainties | Probabilistic certification

Probabilistic certification as a relaxed formulation

min
θ∈Θ

J(θ) s.t (∀w ∈ W) g(θ, w) ≤ 0

Optimal Robust constraints satisfaction problem

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 20 / 82



| Data-driven partial observability assessment under uncertainties | Probabilistic certification

Probabilistic certification as a relaxed formulation

min
θ∈Θ

J(θ) s.t (∀w ∈ W) g(θ, w) ≤ 0

Optimal Robust constraints satisfaction problem

1 Extremely hard to solve

2 Uselessly conservative
worst case analysis
even extremely rare bad configurations are accommodated for
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| Data-driven partial observability assessment under uncertainties | Probabilistic certification

Probabilistic certification as a relaxed formulation

min
θ∈Θ

J(θ) s.t (∀w ∈ W) g(θ, w) ≤ 0

Optimal Robust constraints satisfaction problem

1 Extremely hard to solve

2 Uselessly conservative
worst case analysis
even extremely rare bad configurations are accommodated for

Relaxed formulations ⇒ Probabilistic certification
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| Data-driven partial observability assessment under uncertainties | Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

I(θ, w) :=

-
0 if g(θ, w) ≤ 0
1 otherwise (constraints are violated)
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Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

I(θ, w) :=

-
0 if g(θ, w) ≤ 0
1 otherwise (constraints are violated)

Robust constraint (∀w ∈ W) g(θ, w) ≤ 0
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Probabilistic certification as a relaxed formulation
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1 otherwise (constraints are violated)

First Relaxation (R1) Pr
.
I(θ, w) = 1

/
≤ η
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-
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1 otherwise (constraints are violated)

First Relaxation (R1) Pr
.
I(θ, w) = 1

/
≤ η

Second Relaxation (R2(N))
1

N

N0

i=1

1
I(θ, w(i))

2
≤ m

N
≤ η
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| Data-driven partial observability assessment under uncertainties | Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

I(θ, w) :=

-
0 if g(θ, w) ≤ 0
1 otherwise (constraints are violated)

First Relaxation (R1) Pr
.
I(θ, w) = 1

/
≤ η

Second Relaxation (R2(N))
1

N

N0

i=1

1
I(θ, w(i))

2
≤ m

N
≤ η

For any given m, N must be sufficiently high to get

! N ≥ m

η

! Pr
3
R2(N) ∩ (!R1)

4
≤ δ

What value for N?
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| Data-driven partial observability assessment under uncertainties | Probabilistic certification

Probabilistic certification as a relaxed formulation

When the admissible set Θ is discrete with cardinality nΘ

N ≥ 1

η

*
m+ ln(

nΘ

δ
) +

)
2m ln(

nΘ

δ
)
,1/2

+

more formulas are available (Alamo et al. IEEE-TAC 2009)

m positive integer (m = 1, 5, 10 etc.)
nΘ card(Θ)
η Precision
δ Confidence parameter

Values of N for δ = 0.01, m = 1
NOTA

! dim(w) does not matter !!!!

! (nΘ, δ) → logarithmically !!

Alamo et al. Randomized strategies for probabilistic solutions of uncertain feasibility and . . . IEEE TAC, 2009.
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| Data-driven partial observability assessment under uncertainties | Algorithm & Complexity Analysis

Algorithm & complexity analysis

Optimal Design

min
θ:=(ε,ζ)

ε under
N0

i=1

I(θ, w(i)) ≤ m

where

N = N(δ, η,m)

I involves the definition of g

g involves the cost function J

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 23 / 82



| Data-driven partial observability assessment under uncertainties | Algorithm & Complexity Analysis

Algorithm & complexity analysis

Optimal Design

min
θ:=(ε,ζ)

ε under
N0

i=1

I(θ, w(i)) ≤ m

where

N = N(δ, η,m)

I involves the definition of g

g involves the cost function J

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 23 / 82



| Data-driven partial observability assessment under uncertainties | Algorithm & Complexity Analysis

Algorithm & complexity analysis

Optimal Design

min
θ:=(ε,ζ)

ε under
N0

i=1

I(θ, w(i)) ≤ m

where

N = N(δ, η,m)

I involves the definition of g

g involves the cost function J

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 23 / 82



| Data-driven partial observability assessment under uncertainties | Algorithm & Complexity Analysis

Algorithm & complexity analysis

Optimal Design

min
θ:=(ε,ζ)

ε under
N0

i=1

I(θ, w(i)) ≤ m

where

N = N(δ, η,m)

I involves the definition of g

g involves the cost function J

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 23 / 82



| Data-driven partial observability assessment under uncertainties | The system and the investigated options

Application example

Parallel reactor R → (P1, P2)

ẋ1 = 1− w1x
2
1e

−1/x3 − w2e
−w3/x3 − x1

ẋ2 = w1x− 12e−1/x3 − x2

ẋ3 = u− x3

x1, x2 concentrations of R and P1

x3 temperature of the mixture

u is the jacket temperature

x2 and u are measured

Three possible definitions of z:

z = x
z = x1

z = x3
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2
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−1/x3 − w2e
−w3/x3 − x1

ẋ2 = w1x− 12e−1/x3 − x2

ẋ3 = u− x3

x1, x2 concentrations of R and P1

x3 temperature of the mixture

u is the jacket temperature

x2 and u are measured

Three possible definitions of z:

z = x
z = x1

z = x3

Investigated set/statistics options

X A uniform distribution over a hyperbox X

P Two possibilities are investigated, namely:

1 A uniform distribution over P

2 A Gaussian distribution around a nominal value.

UN Two possibilities are investigated, namely:

1 A uniform distribution over UN

2 A random choice consisting in sequences (elements of
U) of the form (i ∈ {1, . . . , N}):

ui = SatU

, nf-

j=1

βj sin(
2jπ(iτ)

Nτ
+ ϕj)

.

VN Gaussian white noise (with different variances) are used
to represent measurement noise.
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−1/x3 − w2e
−w3/x3 − x1

ẋ2 = w1x− 12e−1/x3 − x2

ẋ3 = u− x3

x1, x2 concentrations of R and P1

x3 temperature of the mixture

u is the jacket temperature

x2 and u are measured

Three possible definitions of z:

z = x
z = x1

z = x3

The design set
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| Data-driven partial observability assessment under uncertainties | Results

The impact of players on partial observability

Impact of the observation horizon

Impact of the measurement noise

Impact of the uncertainty level

Impact of the input type

impact of the certification parameters

Computation time
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| Data-driven partial observability assessment under uncertainties | Results | Impact of the observation window

Impact of the observation horizon

z1 = x, z2 = x1, z3 = x3

Note that N = 20 is needed in order to achieve the certification with the lowest
values ε = 10−4 considered in the design set Θ over the three observation-target
variables zi, i = 1, 2, 3.

Otherwise, indistinguishability might occur with quite high error values on the targeted
indicators.

Note that only three values of N are studied here, lower values of N ∈ [10, 20] would have probably be sufficient to achieve
the high precision certification results.
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| Data-driven partial observability assessment under uncertainties | Results | Impact of the measurement noise

Impact of the measurement noise

z1 = x, z2 = x1, z3 = x3

Note that Increasing the noise from 0.001 to 0.003 leads to a sensitive degradation
in the certifiable reconstruction precision.

By increasing the observation horizon up to N = 100 it is possible to recover the levels
of precision of the previous setting which was achievable with N = 10 and the previous
level (0.001) of the noise.

The higher the noise is the longer the observation horizon should be to achieve the same
level of certifiable reconstruction precision.
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| Data-driven partial observability assessment under uncertainties | Results | Impact of the uncertainty level

Impact of the uncertainty level

z1 = x, z2 = x1, z3 = x3

Note that The configuration with uniform distribution of the parameter vector with
ρ = 0.05 is more harmful to certifiable reconstruction precision than the Gaussian
distribution with standard deviation std = 0.2.
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| Data-driven partial observability assessment under uncertainties | Results | Impact of the input type

Impact of the input type

z1 = x, z2 = x1, z3 = x3

Note that Comparing the first line with the first line of the previous figure suggests
that random input profiles enhance the observability at least for the setting that is
common to these two lines.
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| Data-driven partial observability assessment under uncertainties | Results | Impact of the certification parameters

Impact of the certification parameters

z1 = x, z2 = x1, z3 = x3

Note that A certification precision of η = 10−3 leads to a certifiable upper bounds on
the estimation errors on the observation-target variables which useless given the
definition of the set X. This is obviously due to the high level of parameter dispersion
std = 0.3.

the last line indicates that up to 5% of the samples correspond to the presence of
indistinguishable pairs. For the remaining 95% of the cases, an almost zero
reconstruction error can be certified (provided that the optimization problem is
correctly solved).

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 30 / 82



| Data-driven partial observability assessment under uncertainties | Computation time

CPU

cpu = dt1 + dt2

dt1 generating the scenarios

dt2 finding the optimal design

Recall that the whole scheme is to be
executed off-line in order to:

1 Evaluate the partial observability

2 Optimize the observation parameter
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| Data-driven partial observability assessment under uncertainties | Computation time

The GitHub repository

https://github.com/mazenalamir/eps-observability

MA. Partial Extended Observability
Certification and Optimal Design of Moving
Horizon Estimators Under Uncertainties.

To appear in IEEE Transactions on
Automatic control, July, 2022

https://arxiv.org/abs/2006.11112
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| Data-driven partial observability assessment under uncertainties | Conclusion

Conclusion

An example of Data-driven assessment of an important
control-related problem: dynamic partial extended estimation.

The extensive Data Generation step is unavoidable in order to derive
non pessimistic results.

The choice of the sets/statistics remains a non totally solved
issue and is certainly a problem-dependent step.

Data-driven methods ∕= ML or AI (at least not always)
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| Learning-Based Approximate Stochastic NMPC Design

1 Data-driven partial observability assessment under uncertainties

2 Learning-Based Approximate Stochastic NMPC Design

3 Tractable stochastic NMPC by supervised clustering

4 Data-Driven NMPC by cost function identification

5 Learning-Based Monitoring updating period in Real-time NMPC
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| Learning-Based Approximate Stochastic NMPC Design | Recalls on standard MPC

Recalls on standard MPC

Direct single shooting formulation of MPC:

u"
k ← min

uk∈UN

'
J(uk | xk)

(
uk :=

!

"#
uk
...

uk+N−1

$

%& ∈
1
Rnu

2N

tk +Nk

◦xk uk

uk+1
uk+N−1
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'
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(
uk :=

!

"#
uk
...

uk+N−1

$

%& ∈
1
Rnu

2N

tk +Nk

◦xk uk

uk+1
uk+N−1

MPC Feedback Control

KMPC(xk) = u"k
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Recalls on standard MPC

Direct single shooting formulation of MPC:

u"
k ← min

uk∈UN

'
J(uk | xk)

(
uk :=

!

"#
uk
...

uk+N−1

$

%& ∈
1
Rnu

2N

tk +Nk

◦xk uk

uk+1
uk+N−1

MPC Feedback Control

KMPC(xk) = u"k

Standard settings

J(uk | xk) :=

N)

i=1

ℓ(xk+i, uk+i−1)

xk+i+1 = f(xk+i, uk+i)
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| Learning-Based Approximate Stochastic NMPC Design | Problem’s statement

Problem Statement

Dynamics

xk+1 = f(xk, uk, w)

yk = h(xk, uk, w)

x the state
u the control
(f, h) known maps
w constant unknown parameters
but with known statistics over W
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−1/x3 − w2x1e
−w3/x3 − x1

ẋ2 = w1x
2
1e

−1/x3 − x2

ẋ3 = u− x3

Ideal Stochastic MPC

P(x) : min
u

E
3
J(u | x, ·)

4
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Problem Statement
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xk+1 = f(xk, uk, w)

yk = h(xk, uk, w)

x the state
u the control
(f, h) known maps
w constant unknown parameters
but with known statistics over W

Illustrative example

ẋ1 = 1− w1x
2
1e

−1/x3 − w2x1e
−w3/x3 − x1

ẋ2 = w1x
2
1e

−1/x3 − x2

ẋ3 = u− x3

Ideal Stochastic MPC

P(x) : min
u

E
3
J(u | x, ·)

4

or gathering all the measurements in y(−)

P(y(−)) : min
u

E
3
J(u | y(−), ·)

4

More generally

P(y(−)) : min
u

E[J ] + ασ
1
2 [J ]

The y(−) profile is implicitly
assumed to induce extended
observability of the (x,w)
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| Learning-Based Approximate Stochastic NMPC Design | Possible options

Possible solutions

Option1 (Extended Observer)

Build an extended observer to get

(x̂k, ŵk)

No more need for stochastic setting:

u! ← P(x̂k, ŵk)

(+) If possible → The best performance
(-) Needs to build the observer!
(-) Computation burden adds to NMPC.
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Option2 (Approximate statistics via clustering)

Standard NMPC with the cost given by

1

nc

nc)

i=1

µjJ(u |xk, w
(j)
c )

w(j)
c centres of computed clusters

[obtained via supervised clustering]

µj fraction of populations in cluster
j

nc moderate thanks to clustering

(-) Might still induce heavy computation!
Multiple shooting optimisation → N(ncnx + nu) d.o.f
(nc, N, nx, nu) = (10, 100, 3, 1) → 3100 instead of

400
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| Learning-Based Approximate Stochastic NMPC Design | Possible options

Possible solutions

Option3 (Approximate Dynamic Programming)

Approximate the optimal value

Q(z) where z := (x, u)

based on the Bellman equation

Q(z) = ℓ(z) + γmin
v

[µ̂+ ασ̂
1
2 ][Q(f(z), v)]

ℓ stage cost

γ discounting rate

µ̂ approximated statistics over realisations of w

Fixed-point
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Choose a ML-based
structure for Q
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[MA]. Explicit approximation of stochastic op-
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| Learning-Based Approximate Stochastic NMPC Design | A simple solution

Definition of the associated ML Problem (1)

We would like to have a feedback of the form

uk = ML(y
(−)
k ) where y

(−)
k =

!

"""#

yk
yk−1
...

yk−M

$

%%%&
∈ [Rny ]M+1

y
(−)
k The features

uk The label

Where does the label uk comes from?

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 39 / 82



| Learning-Based Approximate Stochastic NMPC Design | A simple solution

Definition of the associated ML Problem (2)

Ideally uk = u"
0(xk, w) where

P(xk, w) : u"(xk, w) = arg min
u∈UN

'
J(u | xk, w)

(

or in terms of y
(−)
k (extended observability required):

P(y
(−)
k ) : u"(y

(−)
k ) = arg min

u∈UN

'
J(u | x̂k, ŵ)

(

x̂k = x̂(y
(−)
k )

ŵ = ŵ(y
(−)
k )

But we do not want to build observers! (difficult if not impossible)
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (1)

1 Choose arbitrary pair q := (x0, w)

2 Solve the problem P(x0, w) for known (x0, w)
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (1)

1 Choose arbitrary pair q := (x0, w)

2 Solve the problem P(x0, w) for known (x0, w)

NOTA

û!
0(y

(−)) is only an approximation of u!
0(y

(−)
k ) since the Bellman equality

u!
0(xM , w) = u!

M (x0, w)

holds only for infinite horizon.

Label

Feature
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (2)

Therefore

q = (x0, w)
Solve P(q)

(y(−)(q), u"M (q))
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (2)

Therefore

q = (x0, w)
Solve P(q)

(y(−)(q), u"M (q))

This is far too expensive to get a single sample in the learning data!

More than 8 days to get a learning data set containing 50000 samples (Casadi-MS).
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (3)

.
y
"(−)
M+i(q), u

"
M+i(q)

/0
i=0

D :=
.
[y"

M+i(q
(j))], u"M+i(q

(j))
/

(i,j)∈{0,...,m}×{1,...,nr}

m window’s moves + nr different pairs q → card(D)=m · nr

m = 250, nr = 200 → 50000 samples for the price of 200 NLP solution → 50 minutes!
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (3)

.
y
"(−)
M+i(q), u

"
M+i(q)

/2
i=0

D :=
.
[y"

M+i(q
(j))], u"M+i(q

(j))
/

(i,j)∈{0,...,m}×{1,...,nr}

m window’s moves + nr different pairs q → card(D)=m · nr

m = 250, nr = 200 → 50000 samples for the price of 200 NLP solution → 50 minutes!
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (4)

m

N
Distance to Bellman

Performance drop

Performance drop for a Fixed number of NLP solutions (nr)
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| Learning-Based Approximate Stochastic NMPC Design | Building the learning data

Building the learning data (4)

m

N
Distance to Bellman

Extrapolation error on unseen data

sub-optimality induced drop in performance
Resulting loss of performance

Optimal choice

Performance drop

Performance drop for a Fixed number of NLP solutions (nr)

The optimal choice is problem-dependent.
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| Learning-Based Approximate Stochastic NMPC Design | To summarize

The whole flow in a glance

Solve P(q(j)) for j = 1, . . . , nr

Generate nr pairs q(j)

m moves

D(m)

q
(j)

= (x
(j)
0 , w

(j)
)

Learn Model MLmu = MLm(y(−))

Feedback
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Application to the parallel reactor example

Parameters of the method

N = 250

M = 10

m ∈ {10, 50, 100, 150, 200}
w0 = (104, 400, 0.55)

wi = (1 + νi)w
0
i

νi ∈ N (0,σi) with σi = 0.33

X0 := [10−4, 0.5]× [10−4, 0.2]×
[10−4, 0.25]

x0 sampled uniformly in X0

nr = 500
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Examination of the cloud of control

Histogram of the encountered

u"M+i(x
(j)
0 , w(j))

→ RandomForestClassifier - sklearn
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label =

5
6

7

1 if u ≤ 0.075
2 if u ∈]0.14]
3 otherwise
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Examination of the cloud of control

label =

5
6

7

1 if u ≤ 0.075
2 if u ∈]0.14]
3 otherwise

Based on this observation, a
classification approach is adopted
for the definition of the ML-based
feedback

Histogram of the encountered

u"M+i(x
(j)
0 , w(j))

→ RandomForestClassifier - sklearn
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

The choice of y(−)
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

The choice of y(−)

If the control is included in y(−), then ML algorithms would prefer to define the label to
be equal to the most recent control as this would correspond to a very high precision.
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

The choice of y(−)

By taking M = 10, the conjecture is that, for this specific problem, the use of the
measurement profile of y := x2 would be enough to implicitly reveal the value of the
state and the parameters and makes the whole framework successful.
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Learning results indicators
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Learning results indicators

When test results precision is significantly worse than training precision,
this indicate over-fitting → bad extrapolation capabilities.
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Validation indicators

Using a new set of 200 pairs of (x0, w), closed-loop is simulated over N
sampling period. shall compare the following performance indices:

Casadi Optimal

Since the closed-loop
simulations last also N
sampling periods (The
same used for the
computation of the
open-loop optimal
control), the casadi cost
is the optimal one since it
perfectly knows the
parameter values.

Nominally Optimal

This is the closed loop
using learned output
feedback from the
validation data in which
the nominal parameter is
used. (Only the initial
state is taken from the
sampled data).

Proposed for ∕= m

This is the closed loop
using learned output
feedback from the
validation data Dm

obtained by m moves of
the window for each x0 in
the learning data.
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Results
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Results

The proposed method enables to recover 78% of the advantage of knowing perfectly the
parameters values when m ∈ {200, 150, 100}.
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parameters values when m ∈ {200, 150, 100}.

For smaller values of m, data is no more sufficiently representative.
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| Learning-Based Approximate Stochastic NMPC Design | Illustrative Example

Results

The proposed method enables to recover 78% of the advantage of knowing perfectly the
parameters values when m ∈ {200, 150, 100}.

For smaller values of m, data is no more sufficiently representative.

The identified output feedback outperform the casadi output (non achieved optimality)
in 10% of the scenarios.
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| Learning-Based Approximate Stochastic NMPC Design | Conclusion

Conclusion

A heuristic!

Special care is needed regarding the choice of y(−)

No need for explicit extended observer.

Close-to-optimal dynamic output feedback.

Totally scalable (No exponential explosion with state or parameter dimension).

Unthinkable without the previous development of NLP (more or less)

reliable solvers
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| Learning-Based Approximate Stochastic NMPC Design | Conclusion

Take home message

Observer paradigm

NMPC

Casadi

Ok 85% in CL

RandomForestClassifier

RF: R10 → {1, 2, 3}

New Design

New Design that would be unconceivable without the mix of two cultures!
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| Tractable stochastic NMPC by supervised clustering

1 Data-driven partial observability assessment under uncertainties

2 Learning-Based Approximate Stochastic NMPC Design

3 Tractable stochastic NMPC by supervised clustering

4 Data-Driven NMPC by cost function identification

5 Learning-Based Monitoring updating period in Real-time NMPC
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| Tractable stochastic NMPC by supervised clustering

Stochastic MPC using supervised clustering
Distributing the data building over the real-life time

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.

Dynamics ẋ = f(x, u, w)

Cost J(u|(x,w))

Constraints g(u|(x,w))

w-statistics W
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| Tractable stochastic NMPC by supervised clustering

Stochastic MPC using supervised clustering
Distributing the data building over the real-life time
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Dynamics ẋ = f(x, u, w)

Cost J(u|(x,w))

Constraints g(u|(x,w))

w-statistics W

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 55 / 82



| Tractable stochastic NMPC by supervised clustering

Stochastic MPC using supervised clustering
Distributing the data building over the real-life time

Thread1 w
[1]

Thread2 w
[2]

Thread3 w
[3]

Threadℓ w
[ℓ]

Solve Deterministic NMPC

xk+3

(w
[1]

,u
[1]
" , J

[1]
" , g

[1]
" )k

(w
[2]

,u
[2]
" , J

[2]
" , g

[2]
" )k

. . .

(w
[ℓ]

,u
[ℓ]
" , J

[ℓ]
" , g

[ℓ]
" )k

Dn

Db-FIFO

ℓ

ℓ

ℓℓ

n
b
=

q
·ℓ

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.
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