Learning Against Uncertainties

Mazen Alamir

CNRS - University of Grenoble-Alpes

UNIVERSITE
'Y Grenoble
2 Alpes




Disclaimer

m The following material is not supposed to be fully understood!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2/82



Disclaimer

Only its diversity and wide scope is to be taken home!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2/82



Disclaimer

The major part of the concepts and tools will be shortly outdated!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2/82



Disclaimer

B ... Unless they already are!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



Disclaimer

m Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2/82



Disclaimer

The following material is not supposed to be fully understood!

Only its diversity and wide scope is to be taken home!

The major part of the concepts and tools will be shortly outdated!

B ... Unless they already are!

Conjecture: the corresponding state of mind will prevail!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 2/82



e s
Outline

Data-driven partial observability assessment under uncertainties
Learning-Based Approximate Stochastic NMPC Design
Tractable stochastic NMPC by supervised clustering
Data-Driven NMPC by cost function identification

Learning-Based Monitoring updating period in Real-time NMPC
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Data-driven partial observability assessment under uncertainties = Introd

What is it about?

(Parametric estimation example)

ion: The need for extended partial observability

Article

Mathematical Model of COVID-19 Transmission
Dynamics in South Korea: The Impacts of Travel
Restrictions, Social Distancing, and Early Detection

Byul Nim Kim ™, Eunjung Kim 2*, Sunmi Lee % and Chunyoung Oh **
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Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observabili

What is it about? (Parametric estimation example)
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y assessment under uncert:

What is it about?

The need for extended partial observability

(Parametric estimation example)
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Data-driven partial observabili

What is it about?

assessment under un

tainties

Introd

(Parametric estimation example)

Article

Mathematical Model of COVID-19 Transmission
Dynamics in South Korea: The Impacts of Travel
Restrictions, Social Distancing, and Early Detection
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Data-driven partial observability assessment under un

What is it about?

tainties

Introd

(Parametric estimation example)

Model's parameters

Article
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Data-driven partial observability assessment under uncertainties Introd

What is it about?

(Parametric estimation example)

Article
Mathematical Model of COVID-19 Transmissio!
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Model's parameters

Parameter Description Value  Reference
2 The number of people raveling from patch 1 to patch 2 perday 2192794 (0]
m The number of people traveling from patch 2 to patch 1 perday 1693727 [30]

n Progression ratefrom Eto 1 in patch 1 per day 177 ]

" Progression rate from E.to | in patch 2 per day 177 (4]

" Recovery ratein patch | ldperday (39

n Recovery ratein patch 2 Vidperday (3]

” patch1 03 ]

n prop i patch2 033 1361
Nl Population size in patchl (Dacgu and Gycongbuk) SR (7]
Nlt) Population sze in patch? (the rest of Kore) w52 X100 (7]
hto) Initial number of asymptomatic individuals in patch 12 Estimated
h(ta) Initial number of asymptomatic individualsin patch2 3 Estimated

4 “The stating pointof the rapid increase interval 4 Estimated

3 ‘The sarting point ofthe slower increase interval 10 Estimated
B Transmission rate o patch 1 during [1,11) 038 Estimated
B2 Transmission rae of patch 1 during [1, ) 0% Estimated
B Transmission rate of patch 1 during [t 1) 001 Estimated

[ Transmission rate of patch 2 during [t ) 03575 Estimated

o Early etection and diagnostic rate of patch 1 per day 012 Estimated

@ Early detecton and diagnostic rate of palch 2 per day 03575 Estimated

Data should be sufficiently rich to
reveal the true values of the pa-
rameters. The more parameters you
have, the richer data you need!

(NOTA) Richer # high number
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riven partial observability assessment under uncertainties = Introd

What is it about?

(Parametric estimation example)

Article
Mathematical Model of COVID-19 Transmissio!
Dynamics in South Korea: The Impacts of
Restrictions, Social Distancing, and Earl
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Model's parameters

Parameter Description Value  Reference
2 The number of people traveling from patch 110 patch 2 per day 2192794
m The number of people traveling from patch 2 to patch 1 per day 1693727
I ion rate from E to1 in patch 1 per day
" Progression rate from E.to | in patch 2 per day
" Recovery ratein patch | 1/14 per day
n Recovery ratein patch 2 1/14 per day
” patch 1 033
n prop i patch 2

Nl Population size in patchl (Dacgu and Gycongbuk) 512106
Nlt) Population sze in patch? (the rest of Kore) 1652 X106
hto) Initial number of asymptomatic individuals in patch

h(ta) Initial number of asymptomatic individualsin patch2 3%

4 “The starting point o the rapid increase interval )

3 ‘The sarting point ofthe slower increase interval 10
B Transmission rate o patch 1 during [1,11) 0208
B2 Transmission rae of patch 1 during [1, ) 099
B Transmission rate of patch 1 during [t 1) oo1

3 Transmission rate of patch 2 during f, o) 03575

o Early etection and diagnostic rate of patch 1 per day o2

@ Early detecton and diagnostic rate of palch 2 per day 03575

Data should be sufficiently rich to
reveal the true values of the pa-
rameters. The more parameters you
have, the richer data you need!

(NOTA) Richer # high number

The need for extended partial observabili

Contents lsts available at ScienceDirect

&% § Annual Reviews in Control

journal homepage: www.elsevier.com/iocate/arcontrol

Full Length Article

The Ockham’s razor applied to COVID-19 model fitting French data
Mirko Fiacchini *, Mazen Alamir
i, bl Apes, CNRS, Grenbl I, GFSA I, 38000 Grenble, P
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Data-driven partial observab

What is it about?

assessment under uncertainties

(A simple example)

n: The need for extended partial observability

True model y(t) =t

m # of measurement ngps = 5

Fit polynomials of = degrees

Training measurements
m Fitted values at training samples

m various noise levels

Mazen Alamir

Noise=0 / Order=1

— True Model

— Fitted Model (order=1)

081 @ Measurements /noise_level =0.0
® Fiteed at raining samples

Iabel

features
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Data-driven partial observab assessment under uncertainties

What is it about?

(A simple example)

n: The need for extended partial observability

True model y(t) =t

m # of measurement ngps = 5

Fit polynomials of = degrees

Training measurements
m Fitted values at training samples

m various noise levels

Mazen Alamir

Noise=0 / Order=2

— True Model

— Fitted Model (order=2)

081 @ Measurements /noise_level =0.0
® Fiteed at raining samples

Iabel

features
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Data-driven partial observab assessment under uncertainties

What is it about?

(A simple example)

n: The need for extended partial observability

True model y(t) =t

m # of measurement ngps = 5

Fit polynomials of = degrees

Training measurements
m Fitted values at training samples

m various noise levels

Mazen Alamir

Noise=0 / Order=3

— True Model

— Fitted Model (order=3)

081 @ Measurements /noise_level =0.0
® Fiteed at raining samples

Iabel

features
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Data-driven partial observab assessment under uncertainties

What is it about?

(A simple example)

n: The need for extended partial observability

True model y(t) =t

m # of measurement ngps = 5

Fit polynomials of = degrees

Training measurements
m Fitted values at training samples

m various noise levels

Mazen Alamir

Noise=0 / Order=4

— True Model

— Fitted Model (order=4)

081 @ Measurements /noise_level =0.0
® Fiteed at raining samples

Iabel

features
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Data-driven partial observab

What is it about?

assessment under uncertainties

(A simple example)

True model y(t) =t

m # of measurement ngps = 5

Fit polynomials of = degrees

Training measurements
m Fitted values at training samples

m various noise levels

Mazen Alamir

Noise=0.015 / Order=1

n: The need for extended partial observability

— True Model
— Fitied Model (order=1)
081 ® Measurements / noise_level = 0.015

® Fiteed at raining samples

Iabel

features
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m various noise levels
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Noise=0.015 / Order=2

— True Model
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081 ® Measurements /noise_level =0.015
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Data-driven partial observab assessment under uncertainties = Introdu n: The need for extended partial observability

What is it about? (A simple example)
Noise=0.015 / Order=3
m True model y(t) =t — e s
e Model frsr=)
= 7 of measurement nops = 5 T ¢ -
m Fit polynomials of # degrees -
m Training measurements )
m Fitted values at training samples 0
m various noise levels ‘ | | | | |
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Data-driven partial observab assessment under uncertainties = Introdu n: The need for extended partial observability

What is it about? (A simple example)

Noise=0.015 / Order=4
True model y(t) =t — e s

— Fitied Model (order=4)

@ Measurements / noise_level = 0.015

m # of measurement ngps = 5

@ Fiteed at raining samples

Fit polynomials of = degrees

Jabel

Training measurements
m Fitted values at training samples

m various noise levels o

features
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Data-driven partial observability assessment under uncertainties

What is it about?

(A simple example)

Introduction: The need for extended partial observability

Noise=0.015 / Order=4

True model y(t) =t

Jabel

m # of measurement noys =5

m Fit polynomials of # degrees o0
m Training measurements

m Fitted values at training samples

m various noise levels 0

Mazen Alamir

— True Model
— Fitied Mode! (order=4)

@ Measurements / noise_level = 0.015

@ Fiteed at raining samples

features

This phenomenon is called Over-Fitting

An over fitted model is dangerous because it can lead to very high

prediction errors on unseen realizations.

(This can be avoided by assessing the model by cross-validation techniques)

Grenoble school on Data-Driven Solutions in Control
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nder uncertainties | Introduction: The need for extended partial observability

What is it about? (Away from identification textbooks)

‘Wiener-Hummerstein Benchmark: Mulisine Test Data

y

.

time 5]
S P
By
X o2 lff

Noclnee Begrsson Modekg e
Eng Applications P
o 02

o4
ooo 0005 000 005 0020 002 000 0035 0010

ime (5
Fig. 12: Wiener Hammerscin benchmark: Time evaluation for mulisine and swept sin tes data et of bt resuls from
Tab T, . STORN With iy = 40, 2 = 3 Pyers = 5

0050

m In identification text-books, the previous situation
does not prevail.
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nder uncertainties | Introduction: The need for extended partial observability

What is it about? (Away from identification textbooks)

‘Wiener-Hummerstein Benchmark: Mulisine Test Data
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0050

m The ratio between the samples and the number of
parameters is generally quite high.
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nder uncertainties | Introduction: The need for extended partial observability

What is it about? (Away from identification textbooks)

‘Wiener-Hummerstein Benchmark: Mulisine Test Data

y
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Fig. 12: Wiener Hammerscin benchmark: Time evaluation for mulisine and swept sin tes data et of bt resuls from
Tab T, . STORN With iy = 40, 2 = 3 Pyers = 5

0050

m Mechatronic systems, electrical systems, ... etc.
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riven partial observability assessment under uncertainties = Introduction: The need for extended partial observability

What is it about? (Away from identification textbooks)

‘Wiener-Hummerstein Benchmark: Mulisine Test Data

.

time 5]
Wicner-Hammertein Benchmark: Swept S Test Data

o4
‘ooo 0005 000 005 0020 00z 0030 0035 0010 0085 0.050
time

|
Fig. 12: Wiener Hammerscin benchmark: Time evaluation for mulisine and swept sin tes data et of bt resuls from
Tab 0, . STORN with g =40, 2 =3

m ldentification is done once for all
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riven partial observability assessment under uncertainties = Introduction: The need for extended partial observability

What is it about? (Away from identification textbooks)

‘Wiener-Hummerstein Benchmark: Mulisine Test Data

.

time 5]
Wicner-Hammertein Benchmark: Swept S Test Data

o4
‘ooo 0005 000 005 0020 00z 0030 0035 0010 0085 0.050

ime (5
Fig. 12: Wiener Hammerscin benchmark: Time evaluation for mulisine and swept sin tes data et of bt resuls from
Tab 0, . STORN with g =40, 2 =3

m Initial state importance is marginal

Grenoble school Data-Driven Solutions in Control
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y assessment under uncer s | Introduction: The need for extended partial observability

What is it about? (Away from identification textbooks)

Mazen Alamir

Nonlinear Regression Modeling for

Engineeri

‘Wiener-Hummerstein Benchmark: Mulisine Test Data

"

g Applications B

o4
‘oo 0005 000 0015 0020 0025 000 0035 0010 00

Juation for multsine and swept sin tes data set of bt resuls from
3

0050

Fig. 12: Wiener Hammerscin benchmark: Ti
Tab 0, . STORN With i = 40, 241

In identification text-books, the previous situation
does not prevail.

The ratio between the samples and the number of
parameters is generally quite high.

Mechatronic systems, electrical systems, ... etc.
Identification is done once for all

Initial state importance is marginal

Grenoble school on Data-Driven Solutions in Control



Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observabili

What is it about? (The diabetes example)

Alert warns patient

oncomng high Prompt action may avoid

high or reduce duration’

Alert warns patient
of oncomng low

Prompt action may avoid
low or reduce duration®

mg/dL

https://quizlet.com
GLUCOSE

TIME OF DAY

wous glucose @ Frgerstick tests

m Diabetes — bad control of Glucose

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observabili

What is it about? (The diabetes example)

Alert warns patien
Alert warns patient - el o Prompt action may avoid
of oncommng kow. high or reduce duration

E |3 Prompt action may avord

S -’ low or reduce duration®

@ 3

o

O

Nz

3

3|9

= |2

~ o

i@

a

=

b=

<= w 600 AM ™ \ " s00 P 200 M
TIME OF DAY wous ghicose @ Fngerstick tests

u

m Need for control that keeps Glucose in a safe region
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Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observabili

What is it about? (The diabetes example)

Alert warns patien
Alert warns patient - el o Prompt action may avoid
of oncommng kow. high or reduce duration

E |3 Prompt action may avord

S -’ low or reduce duration®

@ 3

o

O

Nz

3

3|9

= |2

~ o

i@

a

=

b=

<= w 600 AM ™ \ " s00 P 200 M
TIME OF DAY wous ghicose @ Fngerstick tests

u
u

m Control is based on Insuline injection
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Data-driven partial observab assessment under uncertainties = Introdu n: The need for extended partial observabi

What is it about? (The diabetes example)

Alert wa Prompt action may avoid
. hgh or reduce duration’
£ |2 mpt action may avoxd
S -’ low or reduce duration®
@ 3
o
O
Nz
3
3|9
= |2
~ o
i@
a
=
b=
= " . . -
TIME OF DAY

n

|

|

m Dynamics shows large delays (= Needs anticipation)
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Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observabili

What is it about? (The diabetes example)

Alert warns patien
Alert warns patient - el o Prompt action may avoid
of oncommng kow. high or reduce duration
E |3 Prompt action may avord
S -’ low or reduce duration®
@ 3
o
O
Nz
3
3|9
= |2
~ o
i@
a
=
b=
<= w 600 AM ™ \ " s00 P 200 M
TIME OF DAY wous ghicose @ Fngerstick tests
u
u
u
|

m The parameters of the dynamics varie:
* Between patients

* Over time for the same patient
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Data-driven partial observab assessment under uncertainties n: The need for extended partial observabi

What is it about? (The diabetes example)

Alert warns patient
Alert warns patient of oncom h
of oncomng kow el

Prompt action may avoid
high or reduce duration

Prompt action may avoid
low or reduce duration®

mg/dL

https://quizlet.com
GLUCOSE

TIME OF DAY

m Diabetes — bad control of Glucose

m Need for control that keeps Glucose in a safe region
m Control is based on Insuline injection

= Dynamics shows large delays (= Needs anticipation)

m The parameters of the dynamics varie:
* Between patients

* Over time for the same patient
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Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observability

What is it about? (The diabetes example)
Alert warns patient ‘;';:f’m"‘":‘ b Prompt action may avoid

high or reduce duration’

of oncomng kow

Prompt acton may avord
Tow or reduce duration

>
observation /identification window

GLUCOSE - mg/dL

https://quizlet.com

TIME OF DAY @ Frgerstck tests

m Diabetes — bad control of Glucose

m Need for control that keeps Glucose in a safe region

m Control is based on Insuline injection

= Dynamics shows large delays (= Needs anticipation) 7

m The parameters of the dynamics varie:
* Between patients

* Over time for the same patient
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Data-driven partial observab assessment under uncertainties n: The need for extended partial observabi

What is it about? (The diabetes example)

Alert warrs patient
Alert warns patient prpieanseedgvery
of oncomng low g g

Prompt action may avoid
high or reduce duration’

§1% fametaciagey

) | €

o

O

N @

.g- 8

= g observation /identification window

3

= . Ra(t)

B G(t) = ~(Sg+ X(1)-G(t) + ¢ G,,+—+w(t)

TIME OF DAY @ Frgonsick tests X(t) = —p2- X(t) +p2-Sill(H) - 1]
Qit) = ~ke - Qu() +m(t)

Qa(t) = ~kaps Qa(t) + ke~ Qu(8)

. Iie1(®) = ~ka-La(t) + Jen(t)

m Diabetes — bad control of Glucose loa(t) = ks L) + ke L)

10 = ka1 i+ Lol
Rt =" 00t
1=

m Need for control that keeps Glucose in a safe region

m Control is based on Insuline injection

V[ BW
m Dynamics shows large delays (= Needs anticipation) .. — —
. . FR———
m The parameters of the dynamics varie: o Debmemedtens .
K i ot ot
* Between patients 3 e oo e e i cemparnens e
) ) v Do soone o i oouos
* Over time for the same patient K Rate constant of subcutaneous insulin transport o1
P i sminrebinia
S oo
Bw Body weight Known
G, Basa glucose concentration Q)
P vt Attty e
e
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Data-driven partial observab assessment under uncertainties n: The need for extended partial observability

What is it about? (The diabetes example)

Alert warns patient
Blert warns patient pr pdsladapyery
of oncomng low ng hg

Prompt action may avoid
high or reduce duration’

E (=2 Prompt action may avoid

S -’ low or reduce duration
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.g— 8

= ; observation /identification window
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Qi) =~k Qi +m()

Qa(t) = ~kats- Qa(t) +he- Qu(®)

. La® = ks Ta(®) + Jan®)

m Diabetes — bad control of Glucose oo =k L) i L)

Ip()) = =kar- I(8) + kg Lica(t)
Ralt) = abs f )

m Need for control that keeps Glucose in a safe region

m Control is based on Insuline injection

1) =

V[ BW

m Dynamics shows large delays (= Needs anticipation) — —

S 001
m The parameters of the dynamics varie: / G Ombmreiedie w
_ T ien ot

* Between patients Few measurement 7 Z::":::m:m:umwwmw :T
* Over time for the same patient Many parameters : Zf:;ﬂm:«::m.:mm.m poud

R oo
BW Body weight Known

G Basal glucose concentration Q)

sty o
oA o
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Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observability

What is it about? (Why on earth should we estimate state/parameters?)

m Purely data driven solutions can
capture only relationships between
measured quantities.
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measured quantities.

= In many problems, either

m The control objective or
m The constraints

involve the internal non measured
state in their expressions.
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Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observability

What is it about? (Why on earth should we estimate state/parameters?)

m Purely data driven solutions can
capture only relationships between
measured quantities.

= In many problems, either

m The control objective or
m The constraints

involve the internal non measured
state in their expressions.

m In these cases, monitoring and/or
controlling the system needs the
state/parameters to be dynamically
reconstructed!
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Data-driven partial observab assessment under uncertainties = Introdu n: The need for extended partial observability

What is it about? (Why on earth should we estimate state/parameters?)

m Purely data driven solutions can

1 tumor cell population;

ca pture only relatlonshlps between x5 circulating lymphocytes population;
measured quantities w3 chemotherapy drug concentration;
: x4 effector immune cell population;
. u, rate of introduction of immunotherapy drug;
= In many problems, either u rate of introduction of chemotherapy drug.
and the dynamics is given by
m The control objective or @1 = azi (1= bo) = eazamy — kszsoy
m The constraints &2 = —0ms — kyey + 83
&3 = —YoT3 + u2

involve the internal non measured . ilzl“ 24— poray — kizazs + s1u.

state in their expressions.

A constraint such as x4 > Threshold cannot be addressed via

m In these cases, monltorlng and/or data-driven solutions that do not involve measurement of x4
Contro”ing the system needs the unless a model and associated state reconstruction algorithm
. are used
state/parameters to be dynamically
reconstructed!
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Data-driven partial observab assessment under uncertainties = Introduction: The need for extended partial observability

What is it about? (Why on earth should we estimate state/parameters?)

m Purely data driven solutions can

| | 9 h g 1 tumor cell population;
ca pture only re ations 1ps between x5 circulating lymphocytes population;
measured quantities w3 chemotherapy drug concentration;
: x4 effector immune cell population;
. u, rate of introduction of immunotherapy drug;
[} | n many problemS’ either g rate of introduction of chemotherapy drug.
and the dynamics is given by
m The control objective or @1 = awy (1= bm) = 1zamy — kswsn
m The constraints G2 = —0w2 — kywsza + 52
&3 = —YoT3 + u2
involve the internal non measured . ilzl B4 — 724 — oy — Kizazs + s1t.

state in their expressions.

A constraint such as x4 > Threshold cannot be addressed via

m In these cases, monltorlng and/or data-driven solutions that do not involve measurement of x4
Contro”ing the system needs the unless a model and associated state reconstruction algorithm
. are used
state/parameters to be dynamically
reconstructed!

m Why to rely on ML to approximately
rediscover Newton-law?
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ca pture only re ations 1ps etween x5 circulating lymphocytes population;
measured quantities w3 chemotherapy drug concentration;
: x4 effector immune cell population;
. u, rate of introduction of immunotherapy drug;
] | n many problemS’ either g rate of introduction of chemotherapy drug.
and the dynamics is given by
m The control objective or @1 = awy (1= bm) = 1zamy — kswsn
m The constraints G2 = —0w2 — kywsza + 52
&3 = —YoT3 + u2
involve the internal non measured #1292~ 74— poraas — ez + sy

state in their expressions.

A constraint such as x4 > Threshold cannot be addressed via

= In these cases, monltorlng and/or data-driven solutions that do not involve measurement of x4
Contro”ing the system needs the unless a model and associated state reconstruction algorithm
. are used
state/parameters to be dynamically
reconstructed! Question: Am | in the right room?

m Why to rely on ML to approximately
rediscover Newton-law?
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Data-driven partial observability assessment under uncertainties = Introduction: The need for extended partial observability

What is it about? (Why on earth should we estimate state/parameters?)

m Purely data driven solutions can

| | 9 h g b 1 tumor cell population;
ca pture only re ations 1ps etween x5 circulating lymphocytes population;
measured quantities w3 chemotherapy drug concentration;
: x4 effector immune cell population;
. u, rate of introduction of immunotherapy drug;
] | n many problemS’ either g rate of introduction of chemotherapy drug.
and the dynamics is given by
m The control objective or @1 = awy (1= bm) = 1zamy — kswsn
m The constraints G2 = —0w2 — kywsza + 52
&3 = —YoT3 + u2
involve the internal non measured #1292~ 74— poraas — ez + sy

state in their expressions.

A constraint such as x4 > Threshold cannot be addressed via

m In these cases, monltorlng and/or data-driven solutions that do not involve measurement of x4
controlling the system needs the unless a model and associated state reconstruction algorithm
. are used
state/parameters to be dynamically
reconstructed! Question: Am | in the right room?
n Wh_y to rely on ML to approximately  Answer: Definitively! (4 X
rediscover Newton-law? o
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What is precisely a data-driven solution?

A data-driven solution is a multi-step process such that:

N (N /N

—— Stepl —— Step2 — ... | Stepi —

N NS N
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What is precisely a data-driven solution?

A data-driven solution is a multi-step process such that:

N N /N

—»\ Stepl —— Step2 —~ --- | Stepi —

/

|

A step where a data-set is
generated/collected for later
use in the design/certification
process.
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What is precisely a data-driven solution?

A data-driven solution is a multi-step process such that:

The mathematical model alone and all

the related derivations, assumptions and A Step Where a data_set iS
computations are insufficient to come out

with quantifiable results and or appropri- generated/co”ected for |ater
ate choices.

use in the design/certification
The reality should be partially discovered

by a rich set of realizations of the involved process.
uncertain quantities!
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Data-driven partial observability assessment under uncertainties

The Dynamic extended estimation problem

The dynamic extended estimation problem

time

(noise)

AN

Dynamics

\F)
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Data-driven partial observability assessment under uncertainties

The Dynamic extended estimation problem

The dynamic extended estimation problem

time

Dynamics

(zg,p) unknown

Guess (zq,p) — (20, D)

Algorithm? |«
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Data-driven partial observability assessment under uncertainties

The Dynamic extended estimation problem

The dynamic extended estimation problem

time

(noise)

Unknown
S I /
_

v

Y

Dynamics

Guess (zq,p) — (20, D)

Algorithm? |«

)
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Data-driven partial observability assessment under uncertainties The Dynamic extended estimation problem

The dynamic extended estimation problem

. This has to be repeatedly done on-line at
each sampling period

time

(noise)

Unknown
— | /
S

v

Dynamics

Y

\F)

Guess (zq,p) — (20, D)

Algorithm? |«
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The Dynamic extended estimation problem

Data-driven partial observability assessment under uncertainties

The dynamic extended estimation problem

This has to be repeatedly done on-line at

> P
each sampling period

k— N k time
(n0|se)/ Unknown

v

Y

Given the estimation at instant k

Dynamics

(zg,p) unknown

Guess (zq,p) — (20, D)

(20, P)
The current state is estimated by

tp = XN (Zo,p, w)

More generally, the value of any quantity

z =T (z,p)
Can be estimated by:
Algorithm? |«

11/ 82
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The Dynamic extended estimation problem

Data-driven partial observab assessment under uncertainties

The dynamic extended estimation problem

“— Y
D I z =T(z,p) is called hereafter, the estimation target.
=0 ¢ o Ty Example. A feedback law K (x, p) can be viewed as an estimation target in
an observer-based control design.
k— N k time

(noise)

Unknown
| /

B—
Given the estimation at instant k v

Y

(20, P)
The current state is estimated by

Dynamics

tp = XN (Zo,p, w) U
(zg,p) unknown

More generally, the value of any quantity:

= T(z,
: Ei2) Guess (zq,p) — (20, D)

Can be estimated by:
. A . Algorithm? |«
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Data-driven partial observability assessment under uncertainties Problem statement
Problem statement

Given

1. An uncertain model & = f(z, u,p)
2. Statistics of uncertainties P on P
3. Statistics of states X on X

4. Statistics of measurement noise V on V

5. A given observation target z = T'(x, p)
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Data-driven partial observability assessment under uncertainties Problem statement

Problem statement

Given

1. An uncertain model & = f(z, u,p)
2. Statistics of uncertainties P on P
3. Statistics of states X on X

4. Statistics of measurement noise V on V

5. A given observation target z = T'(x, p)

Derive a certified bound on the excur-
sion of the estimation error on the obser-
vation target z together with guidelines
towards its minimization.
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Data-driven partial observability assessment under uncertainties Notation

Notation: The scenarios vector ¢

(noise)
v
Dynamics +
Y N
(z, p) unknown
(noise)

X
Y(q)
qi=|of = |® (+)— Yula)
v Qv
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Data-driven partial observability assessment under uncertainties Notation

Notation: The scenarios vector ¢

(noise)

Dynamics \j_/

(z, p) unknown

(noise)
v
2 SL U gy
m(q)
u L/
v Qv
- q: data generating a noisy T noise-free output . noisy measurements
measurement
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Data-driven partial observability assessment under uncertainties Notation

Notation: The scenarios vector ¢

(noise)

Dynamics \j_/

(z, p) unknown

q: data generating a noisy noise-free output noisy measurements
measurement

This implicitly involves an observation horizon
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Data-driven partial observab assessment under uncertainties The cost function

The cost function (Distance between scenarios)

Unknown Truth q = | 5| — Y= Ym(q*)
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Data-driven partial observability assessment under uncertainties The cost function

The cost function (Distance between scenarios)

Unknown Truth — Y= Ym(q*)

| "

Looking for (¢x,q;) ¢ := ) Y (q)
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assessment under uncertainties  The cost function

Data-driven partial observab

The cost function (Distance between scenarios)

Unknown Truth — Y= Ym(q*)

A\
Looking for (¢x,q;) ¢ := qli - . Y (q)
0

One might try to find the noise profile.

— (ng +np + N - ny) parameters

vs (N - my ) information samples.
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Data-driven partial observab assessment under uncertainties The cost function

The cost function (Distance between scenarios)

*
9z
4 *
Unknown Truth q = qf — Yy = Ym(q )
&
qv
e:={e ... e}
ell e RY
Zo .
p Vie{l,...,ny}
Looking for (¢z,q;) ¢ = | % | —— Y (q)
Qu There are as many output
0 prediction error trajecto-
ries as output sensors in
the system.
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Data-driven partial observab

assessment under uncertainties  The cost function

The cost function (Distance between scenarios)

Unknown Truth

Looking for (g3, q;)

q

Zo

qu

abs(Partial average) of a unitary gaussian noise

Mazen Alamir

— y:=Y,(q)

e:={e ... e}

ell e RY

Vie{l,...,ny}
—  Y(q)

There are as many output
prediction error trajecto-
ries as output sensors in
the system.
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Data-driven partial observab assessment under uncertainties The cost function

The cost function (Distance between scenarios)

*
9z
a *
Unknown Truth q = qf — Yy = Ym(q )
&
qv
e:={e ... e}
ell e RY
Zo .
p Vie{l,...,ny}
Looking for (¢3,q;) ¢ == | % | — Y (q)
Qu There are as many output
0 prediction error trajecto-
ries as output sensors in
the system.

abs(Partial average) of a unitary uniform noise
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Data-driven partial observab assessment under uncertainties The cost function

The cost function (Distance between scenarios)

*
9z
a *
Unknown Truth q = qf — Yy = Ym(q )
&
qv
e:={e ... e}
ell e RY
Xo .
p Vie{l,...,ny}
Looking for (¢3,q;) ¢ == | % | — Y (q)
Qu There are as many output
0 prediction error trajecto-
ries as output sensors in
N L the system.
{ k } -

abs(Partial average) of a unitary uniform noise
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Data-driven partial observability assessment under uncertainties The cost function

The cost function (Distance between scenarios)

*
9z
a *
Unknown Truth q = qf — Yy = Ym(q )
&
qv
1 N -
Halw =3 |[p - e
=Lk j=1 k e:={e ... e}
L&] = maz(0,¢) + X
ell e RY
Zo .
p Vie{l,...,ny}
Looking for (¢3,q;) ¢ == | % | — Y (q)
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Data-driven partial observability assessment under uncertainties The cost function

The cost function (Distance between scenarios)

*
9z
a *
Unknown Truth q = qf — Y= Ym(q )
&
qv
1 N -
Halw o)=Y |[p e - ]
=Lk i=1 ! k e:={e ... e}
€] = maa(9, €) - i ¢ gN
e
Zo
. Vie{l,...,ny}
Looking for (¢3,q;) ¢ == | % | — Y (q)
qu There are as many output
0 prediction error trajecto-
ries as output sensors in
N ‘ the system.
{ k } DeadZone size for output %

abs(Partial average) of a unitary uniform noise
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Data-driven partial observab assessment under uncertainties The cost function

The cost function (Distance between scenarios)

* If the partial average's mod-
qi ules is lower than the ;-
associated upper bound then
Unknown Truth q = Zf e Y = Ym(q*) the penalty is 0.
&
qv
ny 1 k ) N
T(q |y, Q)= | |7 > el - P} G
J . 1
i=1 kj:l k e:={e ... e}
&) = max(0,€) e[l] c RN
Zo
Vie{l,...,ny}
) p ) ) MY
Looking for (qs,qp) q = | | — Y (q)
Qu There are as many output
0 prediction error trajecto-
ries as output sensors in
the system.

N .
¢ ~
k DeadZone size for output %

abs(Partial average) of a unitary uniform noise
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Data-driven partial observability assessment under uncertainties

Moving Horizon Estimators

Estilnation as Optilnizatiol’l prOblem (MHE: Moving-Horizon Estimator)

The prediction of the expected mea-
Mathematical model

surement should the initial state be
R - Prediction i
—>| S pE-h -l o b Y (
“ﬁ‘ = x(1 - pEi+ail;

and the true parameter be p under the
Bt m Qg

control profile w.
g N defined on [t1,tN]
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Data-driven partial observability assessment under uncertainties

Moving Horizon Estimators

Estilnation as Optilnizatiol’l prOblem (MHE: Moving-Horizon Estimator)

The prediction of the expected mea-
Mathematical model

surement should the initial state be
R - Prediction i
—>| S pE-h -l o b Y (
“ﬁ‘ = x(1 - pEi+ail;

and the true parameter be p under the
Bt m Qg

control profile w.
g N defined on [t1,tN]

The prediction error associated to g

E(qly) = (’(Y(Q),y>
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Data-driven partial observability assessment under uncertainties Moving Horizon Estimators

Estilnation as Optilnizatiol’l prOblem (MHE: Moving-Horizon Estimator)

The prediction of the expected mea-

Mathematical model surement should the initial state be
and the true parameter be p under the
] AV control profile w.
u - -Q Prediction
‘Q‘fx(\ PIE+aily
Qe m S -y defined on [t1, t ]

The prediction error associated to g

Eg|y)=d(Y(g
t ' \
thég Prediction Measurement
Distance
y(t.N) ex. d(vy,vg) ||v1 vs || ©
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Data-driven partial observab

assessment under uncertainties Moving Horizon Estimators

Estilnation as Optilnizatiol’l prOblem (MHE: Moving-Horizon Estimator)

The prediction of the expected mea-
Mathematical model surement should the initial state be

and the true parameter be p under the
Prediction i
— A

control profile w.
defined on [t1,tN]

The prediction error associated to g

E@ly) =d(Y(g

i TN

y(ta2) Prediction Measurement

Distance

y(t.N) ex. d(vy,vg) ||v1 vs || ©

(d0.5) ¢ argmin [£(q | )|

‘TOvp)
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Data-driven partial observability assessment under uncertainties Moving Horizon Estimators

EStiInation as Optilnizatiol’l prOblem (MHE: Moving-Horizon Estimator)

The prediction of the expected mea-
Mathematical model surement should the initial state be

and the true parameter be p under the
-l Pred
SN -Q rediction
(1= p)Ei+ el —

control profile w.
—

v defined on [t1, t ]

Michalaksa and Mayne. Moving Horizon

Observers. |[EEE-TAC 1995. The prediction error associated to g

aly)=d(v(q

y(t1) ‘K \
y(t2)

servers. Springer 2007.

Kuhl et al. A real-time algorithm for
moving horizon state and parameter es-

M.A. Nonlinear Moving Horizon Ob- g(
timation. Computers & Chemical Eng. (

Prediction Measurement

2011.

Rawlings and Li. Optimization-Based . Distance

state estimation: Current status and ; ex. d(vy,v2) = ||vy vo |12
some new results. J. Process Control, y(tN) o -
2012

M. A. Muller. Nonlinear Moving Hori- (;i‘o’ﬁ) — arg min ((:(q | y)
zon Estimation in Presence of Bounded (1:07:0)

Disturbances. Automatica, 2017.
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Data-driven partial observability assessment under uncertainties Moving Horizon Estimators

Estimation as optimization problem e vovingorizon Bstimator)

The prediction of the expected mea-

Mathematical model surement should the initial state be zg
and the true parameter be p under the

control profile w.

Prediction i

) +
3 =x(1 - p)E; +ayl;

Iy, Q)=

iR, ® . )
T . defined on [t1, t ] =1

15~ i
;Zez‘
j=1

3]

Michalaksa and Mayne. Moving Horizon
Observers. |IEEE-TAC 1995. here

M.A. Nonlinear Moving Horizon Ob- —
servers. Springer 2007. ¢ g(q | y) =d (Y(q)7 y) m

The prediction error associated to g

Kuhl et al. A real-time algorithm for
moving horizon state and parameter es-

timation. Computers & Chemical Eng. (t1) .

2011. y(ta) Prediction Measurement
Rawlings and Li. Optimization-Based . Distance

state estimation: Current status and ; ex. d(vy,v2) vy vo |12
some new results. J. Process Control, y(tN) - -
2012

M. A. Muller. Nonlinear Moving Hori- (;i‘o,ﬁ) <— arg min ((:(q | y)
zon Estimation in Presence of Bounded (1307]7)

Disturbances. Automatica, 2017.
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Data-driven partial observability assessment under uncertainties

Moving Horizon Estimators

Estilnation as Optilnizatiol’l prObleIn (MHE: Moving-Horizon Estimator)

Mathematical model

Q +
a =N - pIE+ail;

R, _ ®
o =@ m D - my R

Michalaksa and Mayne. Moving Horizon
Observers. |IEEE-TAC 1995.

M.A. Nonlinear Moving Horizon Ob-
servers. Springer 2007.

Kuhl et al. A real-time algorithm for
moving horizon state and parameter es-
timation. Computers & Chemical Eng.
2011.

Rawlings and Li. Optimization-Based
state estimation: Current status and
some new results. J. Process Control,
2012

M. A. Muller. Nonlinear Moving Hori-
zon Estimation in Presence of Bounded
Disturbances. Automatica, 2017.

defined on [t1,tN] ‘

Prediction i

The prediction of the expected mea-
surement should the initial state be
and the true parameter be p under the
control profile w.

Iy, Q)=

i=1

15~ i
;Zej
j=1

3]

The prediction error associated to g here

E(qly) = (’(Y(Q),y> <—m
N !

y(t1) How to tune the dead-zone
icti i Y
y(t2) Prediction Measurement  sjze vector ¢ € ]R+ ?
Distance
y(t‘N) ex. d(v1,v3) = [lvg — va?

aly)]

(Zo,p) < argmin
(‘TOvp
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Data-driven partial observability assessment under uncertainties

Dead-Zone

Dead-zone consistency condition

consistency condition

e N
i
Unknown Truth q = Z’.’ — oy :=Yn(g)
o
ok
Jqly.0) = { -7 J
Z‘: AZI k e:={ell,...,el"}
&) = maz(0, € &
oo el e RY
o Vie{l,...,ny}
i
P see Ty
7= — Y(@
B There are as many output
0 prediction error trajecto-
i 4 output sansos in
the system
R GO D
J

Mazen Alamir

Consistency

A dead-zone size vector ( is
consistant (w.r.t the noise) if:

Any candidate scenario ¢
that meets the true value of
the triplet (qx, gy, qy,) should

lead to zero cost for any
possible realization of the
noise.
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Data-driven partial observability assessment under uncertainties

Dead-Zone

Dead-zone consistency condition
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that meets the true value of
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lead to zero cost for any
possible realization of the
noise.
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Data-driven partial observability assessment under uncertainties Dead-zone consistency condition

Dead-Zone consistency condition

( 2

« Consistency
Unknown Truth ¢ = Z” ——  y:=Yuld")
a A dead-zone size vector ( is

v LI N . . ) ..
J(a €)= { : PR J — (et ny] consistant (w.r.t the noise) if:
i=1 i=1 e:={e" ..., e™l}
L&) = maz(0,§) + Eh] = ]RN

m B ] Any candidate scenario ¢
¢=|pl — YO — that meets the true value of
’ o the triplet (qx, gy, qy,) should

lead to zero cost for any
T A possible realization of the
N\ v

noise.

J(q" | Yin(q),¢) =0

Note that this can always be made true by taking sufficiently high values of (!
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Data-driven partial observability assessment under uncertainties

Dead-zone consistency condition

Dead-Zone consistency condition

e

« ) Consistency
Unknown Truth q = [Z”} — oy :=Yn(g)
@ \ A dead-zone size vector ( is
I \y,c)):=:'=z”‘“rjjl,y: [ J UG consistant (w.r.t the noise) if:
€] = maz(0, §) + . I
E ?7 :[i]::f ..... ) Any candidate scenario ¢
gi= |:q;:|_. Y(q) — that meets the true value of
’ B e the triplet (qx, gy, qy,) should
lead to zero cost for any
abo(Parial sam) o sy o i possible realization of the
~ noise.

Note that this can always be made true by taking sufficiently high values of (!

J(q" |

Yin(q"),0) =0

But this reduces the quality of the estimation!
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Data-driven partial observability assessment under uncertainties = Partial e-observability

e-observability of an observation target

(1) (2
1 2
x(()l) 37512)
p( ) p( )
u u
0 v
(1) (2

Notation: q X q ) (comparable pair)

Two scenarios that share the

same input profile while one is
free of noise.
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Data-driven partial observability assessment under uncertainties = Partial e-observability

e-observability of an observation target

q(l) q(2)
1 2
e ;
p p 1 2
u u TV | ¥in(¢?),¢)
0 v
Notation: q(l) > q(2) (comparable pair) Then: q(l) = q(g) (indistinguishable pair)

Two scenarios that share the
same input profile while one is
free of noise.
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Data-driven partial observability assessment under uncertainties = Partial e-observability

e-observability of an observation target

1) (2)
1 2
e ;
p p 1 2N A\
. u T(gW | Ym(@®),() =0
0 v
Notation: q(l) > q(2) (comparable pair) Then: q(l) = q(g) (indistinguishable pair)

Two scenarios that share the

same input profile while one is e-observability of a target z

free of noise.

s )
Given an observation target z = T'(z, p), z is said to be e-observable
on Q iff:

3 a dead-zone size vector { € Riy that is consistent on (
V(g™ , ¢y e 0%
2 2 2
(60 0aa®) a0 (¢ = 4@) = 10 —g@ ) < e

where q. := T(qz,4qp)- In other words, only pairs with
e-distant observable targets can be both comparable and
indistinguishable.
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Data-driven partial observability assessment under uncertainties = Partial e-observability

e-observability of an observation target

@ @) Consistency on Q
1) 2 LV(] €Q, J(q|Yn(qg),C)= OJ
0 ) If
p p 1 2
. . J(@M | ¥m(@®),) =0
0 v
Notation: q(l) > q(2) (comparable pair) Then: q(l) = q(g) (indistinguishable pair)

Two scenarios that share the

same input profile while one is e-observability of a target z

free of noise.

s )
Given an observation target z = T'(z, p), z is said to be e-observable
on Q iff:

3 a dead-zone size vector { € Riy that is consistent on (
V(g™ , ¢y e 0%
2 2 2
(60 0aa®) a0 (¢ = 4@) = 10 —g@ ) < e

where q. := T(qz,4qp)- In other words, only pairs with
e-distant observable targets can be both comparable and
indistinguishable.
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Data-driven partial observability assessment under uncertainties

Partial e-observability

e-observability of an observation target

q(l) q(2) q
1 2
B[] ([
p p
u u
0 v
Notation: q(l) > q(2) (comparable pair)

=> The e-observability can be investigated by
inspecting realizations of the form:

for which a constraint of the form:
g(0,w) =0 where 6 := (

should be satisfied

Mazen Alamir

Consistency on Q

VgeQ, Ja|Ym(a))=0
If

J(@W | Yim(¢?),0) =0

Then: q(l) = q(g) (indistinguishable pair)

e-observability of a target z

s )
Given an observation target z = T'(z, p), z is said to be e-observable
on Q iff:

3 a dead-zone size vector { € Riy that is consistent on (
V(g™ ¢y ¢ 02
2 2 2
(60 0aa®) a0 (¢ = 4@) = 10 —g@ ) < e

where q: = T(qz,qp)-
e-distant observable targets can be
indistinguishable.

only pairs with
comparable and

In other words,
both
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Data-driven partial observability assessment under uncertainties = Partial e-observability

e-observability of an observation target

q(l) q(g) q Consistency on Q

VgeQ, Ja|Ym(a))=0

o) o)
[ ?1)-‘ ) If
[p p J(@® | Yin(¢®),0) =0

@ @) (comparable pair) Then: q(l) = q(g) (indistinguishable pair)

A(w) = B(w) < 0 = f(w) = { 0 4L (AN E)

Notation: ¢* "/ <1 ¢

e-observability of a target z

=> The e-observability can be investigated by -
inspecting realizations of the form: Given an observation target z = T'(z, p), z is said to be e-observable
on Q iff:

3 a dead-zone size vector { € Riy that is consistent on (

v(g™, ¢y e @

for which a constraint of the form: (q(l) o q(Z)) AND (q(l) — q(2)) - “‘7(:1) o q(ZQ)” <e
g(0,w) =0 where 6§ := (e, ¢ where q. := T(qz,qp). In other words, only pairs with

e-distant observable targets can be both comparable and
indistinguishable.

should be satisfied
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

m A dynamic model with uncertain
parameter & noisy measurements
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

m An observation target z = T'(z, p)
=
=
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

| |
m A dead-zone size vector ¢ € Ri”
| |
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

| |
| |
m A desired precision € > 0
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

m A set of interest
W =XXPxUxVxXxP
N————————

Q
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

m A dynamic model with uncertain
parameter & noisy measurements

m An observation target z = T'(z, p)
m A dead-zone size vector ¢ € Ri”
m A desired precision € > 0

m A set of interest
W =XXPxUxVxXxP
N————————

Q
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

m A dynamic model with uncertain
parameter & noisy measurements

m An observation target z = T'(z, p)
m A dead-zone size vector ¢ € Ri”
m A desired precision € > 0

m A set of interest
W =XXPxUxVxXxP
N————————

Q

There exists a computable scalar map:
9(0, w)

where 6 = (¢, () such that:
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

Given:

m A dynamic model with uncertain
parameter & noisy measurements

m An observation target z = T'(x, p)
m A dead-zone size vector ¢ € Ri”
m A desired precision € > 0

m A set of interest
W =XXPxUxVxXxP
N————————

Q

There exists a computable scalar map:
9(0, w)

where 6 = (¢, () such that:

if the following condition holds:

YweW, g(@,w)=0 ‘

then, solving:

&

(a5,0") ¢ win T () 1Y)

leads to an estimation error on
the observation target z that
never exceeds e.

o

and this holds true for any possible realiza-
tions inside the sets X, P, U and V
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m An observation target z = T'(z, p)
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

if the following condition holds:

Given: 9
= A dynamic model with uncertain weW, g ’w) =0

parameter & noisy measurements A robust constraint satisfaction condition

m An observation target z = T'(z, p) then, solving:
m A dead-zone size vector ¢ € Ri” 5

* % . P
m A desired precision € > 0 (x()’p ) < %{2‘]((’0‘) ’ Ym7<>>

m A set of interest
W =XXPxUxVxXxP
N————————

Q

o

leads to an estimation error on
the observation target z that
never exceeds e.

There exists a computable scalar map:

9(6,w) Optimal design

where 6 = (¢, () such that: m(in) 61 | g(8,w) =0VweW
0=(e,C
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Data-driven partial observability assessment under uncertainties = Partial e-observability

Partial e-observability: a robust constraint satisfaction

if the following condition holds:

Given: 9
m A dynamic model with uncertain VweW, g(0,w)=0

parameter & noisy measurements A robust constraint satisfaction condition

m An observation target z = T'(x, p) then, solving:

m A dead-zone size vector ¢ € Riy . N
1 p
m A desired precision € > 0 (w5,p") + rmr(l)lgj( u | Y, O)

m A set of interest
W =XXPxUxVxXxP
N————————

Q

o

leads to an estimation error on
the observation target z that
never exceeds e.

There exists a computable scalar map:
. . over-pessimistic
Optimal design

9(0,w)

where 6 = (¢, () such that: m(in) 01| g(0,w) =0VweW
0=(e,C
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Recalls on probabilistic certification

Probabilistic Certification

A general and tractable framework to face high uncer-
tainties and still have something to guarantee with an
EXPLICIT (hopefully high) probability.
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Optimal Robust constraints satisfaction problem

: . -
min J(0) s.t Vw e W) g(0,w) <0
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Optimal Robust constraints satisfaction problem

: . -
min J(0) s.t Vw e W) g(0,w) <0

Extremely hard to solve
Uselessly conservative

m worst case analysis
m even extremely rare bad configurations are accommodated for
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Optimal Robust constraints satisfaction problem

: . -
min J(0) s.t Vw e W) g(0,w) <0

Extremely hard to solve
Uselessly conservative

m worst case analysis
m even extremely rare bad configurations are accommodated for

Relaxed formulations = Probabilistic certification
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

0 ifg(f,w) <0
1 otherwise (constraints are violated)

16w = {
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

0 ifg(f,w) <0
1 otherwise (constraints are violated)

16w = {

Robust constraint (Vw e W) g(0,w) <0
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

0 ifg(f,w) <0
1 otherwise (constraints are violated)

16w = {

First Relaxation (R;) Pr{I(G,w) = 1} <n
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

_ [0 ifg(0,w)<0
10, w) == { 1 otherwise (constraints are violated)

First Relaxation (R;) Pr{I(G,w) = 1} <n
N
. 1 i m
Second Relaxation (Ry(N)) NZ:I [I(Q,«w( ))} < ~ <
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

0 ifg(f,w) <0
1 otherwise (constraints are violated)

16w = {

First Relaxation (R;) Pr{I(G,w) = 1} <n
N
. 1 i m
Second Relaxation (Ry(N)) NZ:I [I(Q,«w( ))} < ~ <

For any given m, N must be sufficiently high to get

s N>T
"

v Pr{Ry(N)N(!R1)} <6
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

Define the constraints violation indicator:

[0 ifgB,w)<0
1(0,w) :== { 1 otherwise (constraints are violated)

First Relaxation (R;) Pr{I(G,w) } <n
N
. 1 i m
Second Relaxation (R2(N)) NZ:I [1(0,w)] < ¥ <7

For any given m, N must be sufficiently high to get

m
v N> g What value for N?

v Pr{Ry(N)N(!R1)} <6
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Data-driven partial observability assessment under uncertainties = Probabilistic certification

Probabilistic certification as a relaxed formulation

When the admissible set © is discrete with cardinality ne

1 ne ne .\ 1/2
> — — =
N_Tl m+ln(5)+<2mln(5)>

more formulas are available (Alamo et al. IEEE-TAC 2009)

m positive integer (m = 1, 5,10 etc.)

ne card(©)
n Precision
) Confidence parameter

Values of N for § = 0.01, m = 1

ne =01 7=005 7=00l n=000L

NOTA

1 132 264 1317 13164

5 i ss 16 s v dim(w) does not matter !!!!
10 163 326 1628 16280 . .

100 193 386 1930 19299 v (n@,é) — Iogarlthmlcally 1
1000 223 445 2225 22249

10000 252 503 2515 25148

Alamo et al. Randomized strategies for probabilistic solutions of uncertain feasibility and ...|EEE TAC, 2009.
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Data-driven partial observability assessment under uncertainties = Algorithm & Complexity Analysis

Algorithm & complexity analysis

Optimal Design

N
min € under ZI(G,w(i)) <m
0:=(e,) P

where
m N=N(n,m)
m [ involves the definition of g

m g involves the cost function J

)¢

1 k
i

=1

J(q 1y,¢)) ==Z{

i=1
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Data-driven partial observability assessment under uncertainties = Algorithm & Complexity Analysis

Algorithm & complexity analysis

Algorithm 1 The certification algorithm

1: Given:
o The maps f and > [see (1) and (2))
e n,8,m > Certification parameters [see (41)]
« X,P,U,V > Working sets

Optimal Design

0.,0¢,0,0¢,Me,nc > Design Set parameters (46)
Sampling rule W on W =Q x X x P
nE ¢ Ne - N > Cardinality of the design set ©
Compute © := {#()}72, by (46) in alphabetic order
N, « N,(8,n,m, n(.,) by (41) > Number of scenarios
Generate N, scenarios inputs {w(®} e, using W
forie{1,...,N,} do
Compute e’) & non clipped error for w(")
end for
success < False > No solution 6* found yet

where
for j € {1,...,ne} do

m N=N(n,m)
. . . nb._failures N g(w®, 09
m [ involves the definition of g b Hmtaieescnih )

13: success < True > Optimal solution found
H H 14: 6* + 0. Break. > Stop the loo
m g involves the cost function J o eanr P the loop
16: end for
17: Output: If success return 6*

N
min € under ZI(G, w) <m
0:=(e,) P

oAl

2

y

Jq19,0) =3 %Z” - m

i=1 =1
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Data-driven partial observability assessment under uncertainties

Algorithm & Complexity Analysis

Algorithm & complexity analysis

Optimal Design

N
min € under ZI(G,w(i)) <m
0:=(e,) P

where
m N=N(n,m)
m [ involves the definition of g

m g involves the cost function J

ny 1k ) N
Halw =3 |13~ e
i=1 j=1

Algorithm 1 The certification algorithm

1: Given:
o The maps f and > [see (1) and (2))
e n,8,m > Certification parameters [see (41)]
« X,P,U,V > Working sets
® 0,,06,0,0¢,ne,n¢ > Design Set parameters (46)

o Sampling rule Won W=Q x X x P

nE ¢ Ne - N > Cardinality of the design set ©
Compute © := {#()}72, by (46) in alphabetic order
N, « N,(8,n,m, n(.,) by (41) > Number of scenarios
Generate N, scenarios inputs {w(®} e, using W
forie{1,...,N,} do

Compute e’) & non clipped error for w(")
end for
success < False > No solution 6* found yet
: for j € {1,...,ne} do
nb_failures + g(w®, )
if nb_failures< m then
13: success < True > Optimal solution found
14: 6* + 0. Break. > Stop the loop
15: end if
: end for
: Output: If success return 6*

oAl

=

3

53

0 :=L(a,,0c,ne) x L(ag, ¢, n¢) 42)

where L(c,5,n) is the set of n logarithmically uniformly
spaced numbers, namely':

L(c,5,n) = logspace(c, 3, n)

:={10T' [ T1=g+(nigl)i iE{O,.H,n—l}}

This obviously leads to a cardinality ng = n.n¢
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Data-driven partial observability assessment under uncertainties

Algorithm & Complexity Analysis

Algorithm & complexity analysis

Optimal Design

N
min € under ZI(G,w(i)) <m
0:=(e,) P

where
m N=N(n,m)
m [ involves the definition of g

m g involves the cost function J

ny 1k ) N
Halw =3 |13~ e
i=1 j=1

Algorithm 1 The certification algorithm

1: Given:
o The maps f and > [see (1) and (2))
e n,8,m > Certification parameters [see (41)]
« X,P,U,V > Working sets
® 0,,06,0,0¢,ne,n¢ > Design Set parameters (46)

o Sampling rule Won W=Q x X x P

nE ¢ Ne - N > Cardinality of the design set ©
Compute © := {#()}72, by (46) in alphabetic order
N, « N,(8,n,m, n(.,) by (41) > Number of scenarios
Generate N, scenarios inputs {w(®} e, using W
forie{1,...,N,} do

Compute e’) & non clipped error for w(")
end for
success < False > No solution 6* found yet
: for j € {1,...,ne} do
nb_failures + g(w®, )
if nb_failures< m then
13: success « True > Optimal solution found
14: 6* + 0. Break. > Stop the loop
15: end if
: end for
: Output: If success return 6*

oAl

=

3

53

0 :=L(a,,0c,ne) x L(ag, ¢, n¢) 42)

where L(c,5,n) is the set of n logarithmically uniformly
spaced numbers, namely':

L(c,5,n) = logspace(c, 3, n)

:={10T' [ T1=g+(nigl)i iE{O,.H,n—l}}

This obviously leads to a cardinality ng = n.n¢
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Data-driven partial observability assessment under uncertainties = The system and the investigated options

Application example

Parallel reactor R — (P, P2)

. 2 1 —
B1=1—wizle /™8 — wpe W3/ _ gz

. 2 1
B2 = wiz — 1273 — gz,

itgzu—wg

m 1, T2 concentrations of R and P;
m x3 temperature of the mixture

m u is the jacket temperature

m o and u are measured

m Three possible definitions of z:

zZ=T
zZ =21
zZ =3
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Data-driven partial observabi assessment under uncertainties The system and the investigated options

Application example

Parallel reactor R — (P1, P2) Investigated set/statistics options
A uniform distribution over a hyperbox X
g 2 —1 —we
B1=1—wizle /™8 — wpe W3/ _ gz
. 2 —1/zs Two possibilities are investigated, namely:
T2 = w1z — 1% — X2 . A
A uniform distribution over P
g = V=88 A Gaussian distribution around a nominal value.
" T, X2 concentrations of R and P Y Two possibilities are investigated, namely:
" I3 temperature of the mixture A uniform distribution over U
. . A random choice consisting in sequences (elements of
m u is the jacket temperature U) of the form (i € {1, ..., N}):
m 2> and w are measured ny o
Saty |3 87 sin(2TCT) | 05
. o u; = Saty 7 2
m Three possible definitions of z: =1 Nt
zZ=X
= Y Gaussian white noise (with different variances) are used
to represent measurement noise.
zZ =3
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Data-driven partial observability assessment under uncertainties

Application example

The system and the investigated options

Parallel reactor R — (P1, P)

—1/z3 —w3/z3

. 2
1 =1—wixie — wae — T

. 2 1
&0 = wix — 127/ _ gz,

igzu—xg

m 11, T2 concentrations of R and P,
m 13 temperature of the mixture

m u is the jacket temperature

m 2> and w are measured

m Three possible definitions of z:

zZ=T
zZ =21
zZ =3

Mazen Alamir Grenoble school on Data-Driven Solutions in Control

The design set

1073

The design set ©

L
o 0 00 0 0 0 0

1074 1073 1072 1071 10°
€
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The impact of players on partial observability

m Impact of the observation horizon
m Impact of the measurement noise
m Impact of the uncertainty level

m Impact of the input type 8 eee

m impact of the certification parameters

m Computation time
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Data-driven partial observab assessment under uncertainties Results Impact of the observation window

Impact of the observation horizon

epsi eps2 eps3 zetal zeta2 zeta3 N noise rho std_p u_.mod p_mod eta delta m
0.379269 0.379269 0.054556 0.000774 0.000774 0.000774 5 0.001000 0.050000 - Fourier uniform 0.010000 0.001000 10
0.233572 0.143845 0.054556 0.000774 0.000774 0.000774 10 0.001000 0.050000 - Fourier uniform 0.010000 0.001000 10
0.000100 0.000100 0.000100 0.000464 0.000464 0.000464 20 0.001000 0.050000 - Fourier uniform 0.010000 0.001000 10

21 =X, 22 = X1, 23 = X3

Note that N = 20 is needed in order to achieve the certification with the lowest
values e = 10~ considered in the design set © over the three observation-target
variables z;, 1 = 1,2, 3.

Otherwise, indistinguishability might occur with quite high error values on the targeted

indicators.

Note that only three values of N are studied here, lower values of N € [10, 20] would have probably be sufficient to achieve
the high precision certification results.
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Data-driven partial observability assessment under uncertainties = Results = Impact of the measurement noise

Impact of the measurement noise

epsi eps2 eps3 zetal zeta2 zeta3 N noise rho std_p u_mod p_mod eta delta m

0.000100 0.000100 0.000100 0.000464 0.000464 0.000464 20 0.001000 0.050000 - Fourier uniform 0.010000 0.001000 10
Fourier uniform  0.010000 0.001000 10

0.379269 0.379269 0.088587 0.001292 0.001292 0.001292 20 0.003000 0.050000
Fourier uniform 0.010000 0.001000 10

0.233572 0.143845 0.054556 0.000774 0.000774 0.000774 100 0.003000 0.050000

21 =X, 22 = X1, 23 = X3

Note that Increasing the noise from 0.001 to 0.003 leads to a sensitive degradation
in the certifiable reconstruction precision.

By increasing the observation horizon up to N = 100 it is possible to recover the levels
of precision of the previous setting which was achievable with N = 10 and the previous
level (0.001) of the noise.

The higher the noise is the longer the observation horizon should be to achieve the same
level of certifiable reconstruction precision.
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Data-driven partial observab assessment under uncertainties Results Impact of the uncertainty level

Impact of the uncertainty level

eps1 eps2 eps3 zetal zeta2 zeta3 N noise rho std.p umod p_mod eta delta m
0.233572 0.088587 0.033598 0.000464 0.000464 0.000464 20 0.001000 0.050000 - Fourier uniform 0.010000 0.001000 10
0.000100 0.000100 0.000100 0.000464 0.000464 0.000464 20 0.001000 - 0.200000 Fourier gaussian 0.010000 0.001000 10
0.088587 0.033598 0.020691 0.000464 0.000464 0.000464 20 0.001000 - 0.300000 Fourier gaussian 0.010000 0.001000 10

21 =T, 22 = X1, 23 = T3
Note that The configuration with uniform distribution of the parameter vector with

p = 0.05 is more harmful to certifiable reconstruction precision than the Gaussian
distribution with standard deviation s;q = 0.2.
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Data-driven partial observability assessment under uncertainties Results Impact of the input type
Impact of the input type

epsi eps2 eps3 zetal zeta2 zeta3 N noise rho std_p umod p_mod eta delta m
0.000100 0.000100 0.000100 0.000464 0.000464 0.000464 20 0.001000 0.050000 = rand uniform 0.010000 0.001000 10
0.143845 0.033598 0.012743 0.000464 0.000464 0.000464 20 0.001000 0.050000 0.200000 rand gaussian 0.010000 0.001000 10
0.233572 0.088587 0.054556 0.000464 0.000464 0.000464 20 0.001000 0.050000 0.300000 rand gaussian 0.010000 0.001000 10
0.000100 0.000100 0.000100 0.000278 0.000278 0.000278 50 0.001000 0.050000 0.300000 rand gaussian 0.010000 0.001000 10
0.000100 0.000100 0.000100 0.000278 0.000278 0.000278 50 0.001000 0.050000 0.300000 Fourier gaussian 0.010000 0.001000 10

21 =&, 22 = T1, 23 = T3

Note that Comparing the first line with the first line of the previous figure suggests
that random input profiles enhance the observability at least for the setting that is

common to these two lines.

Mazen Alamir
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Data-driven partial observab assessment under uncertainties Results Impact of the certification parameters

Impact of the certification parameters

epsi eps2 eps3 zetal zeta2 zeta3 N noise rho std_p u_mod p_mod eta delta m

0.615848 0.615848 0.143845 0.000464 0.000464 0.000464 20 0.001000 0.050000 0.300000 rand gaussian 0.001000 0.001000 10
0.379269 0.379269 0.088587 0.000464 0.000464 0.000464 20 0.001000 0.050000 0.300000 rand gaussian 0.005000 0.001000 10
0.233572 0.143845 0.054556 0.000464 0.000464 0.000464 20 0.001000 0.050000 0.300000 rand gaussian 0.010000 0.001000 10

0.000100 0.000100 0.000100 0.000464 0.000464 0.000464 20 0.001000 0.050000 0.300000 rand gaussian 0.050000 0.001000 10

21 =X, 22 = X1, 23 = X3

Note that A certification precision of n = 10> leads to a certifiable upper bounds on
the estimation errors on the observation-target variables which useless given the
definition of the set X. This is obviously due to the high level of parameter dispersion
Std = 0.3.

the last line indicates that up to 5% of the samples correspond to the presence of
indistinguishable pairs. For the remaining 95% of the cases, an almost zero
reconstruction error can be certified (provided that the optimization problem is
correctly solved).
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Computation time

Data-driven partial observab assessment under uncertainties

CPU

CPU vs N
1 o-dtl 4
-o-dt2 o

— -.

100y CPU = dtl + dt2
2

o

m dtl generating the scenarios

m dt2 finding the optimal design

|

%

|
zle

Recall that the whole scheme is to be
executed off-line in order to:

Evaluate the partial observability
Optimize the observation parameter

Fig. 8. Computation times using § = 0.001, m = 10. (top) cpu (sec)
versus the observation horizon N for n = 0.01. (bottom) cpu (sec)
versus n for an observation horizon of N = 20.
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Data-driven partial observability assessment under uncertainties = Computation time

The GitHub repository

https://github.com/mazenalamir/eps-observability

L p—
fr— [Eom—

= READMEmJ

Python module for checking partial observability of
general nonlinear uncertain dynamical systems

the paper:

ci7baes 28 days g0 9 commits

24 days ago

MA. Partial Extended Observability

M. Alamir Optimal Design Parameters in
Measurement Noise and Model Mismatches. arXiv:2006.11112. June 2021

Code citation:

Problem statement

We consider general
System (ODE) of the form:

def syst(x,t,u,p)

where:

« x stands for the state
4 stands for the exogenous Input

« b stands for a vector of uncertain parameters.

Assume that sensors are available that provides outputs through a dedicated map such as:

output
return output

Note that we are h
above defined output map.

be added to the.

Certification and Optimal Design of Moving
Horizon Estimators Under Uncertainties.

ot of Oy Diferni To appear in IEEE Transactions on

Automatic control, July, 2022

https://arxiv.org/abs/2006.11112

Mazen Alamir
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Data-driven partial observability assessment under uncertainties = Conclusion
Conclusion

m An example of Data-driven assessment of an important
control-related problem: dynamic partial extended estimation.

m The extensive Data Generation step is unavoidable in order to derive
non pessimistic results.

m The choice of the sets/statistics remains a non totally solved
issue and is certainly a problem-dependent step.

m Data-driven methods # ML or Al (at least not always)
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Learning-Based Approximate Stochastic NMPC Design

Learning-Based Approximate Stochastic NMPC Design
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RECALLS ON STANDARD MPC

Direct single shooting formulation of MPC:

o]
. _ N
uj, < min [J(uA. | xk)] uy = | ; | € [R"“]
wuy, €UN
Uk+N—1
Tk Py,
U i Uk+N{-1
k k+ N t
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RECALLS ON STANDARD MPC

Direct single shooting formulation of MPC:

Uy meiILIJlN [J(UA. | xk)] u=| | e[R™
uy

Tk Uk

Uk+1

MPC Feedback Control

{ KMPC(«Tk) = uz }
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RECALLS ON STANDARD MPC

Direct single shooting formulation of MPC:

Uy meiILIJlN [J(u/,. | xk)] u=| | e[R™
uy,

Lk Uk
kot ] Uk+N{-1
k k+ N t
Standard settings
MPC Feedback Control N

J(ug | zx) = Ze(kari,UkJrifl)

i=1

Thtivr = [ (Thti, Unts)

{ KMPC(«Tk) = uz }
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PROBLEM STATEMENT

Dynamics

Tk+1 = f((l’k,’(Lk,'LU)

e = h(xk, uk, w)

x the state

u the control

(f, h) known maps

w constant unknown parameters
but with known statistics over W

Mazen Alamir
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PROBLEM STATEMENT

Dynamics

Tk+1 = f((l’k,Uk,'lU)

e = h(xk, uk, w)

x the state

u the control

(f, h) known maps

w constant unknown parameters
but with known statistics over W

lllustrative example

. 2 1 —ws

i =1—wale /%8 _ pge” 3% g
. 2 1

To = wizie /%8 _ gy

¢3=u—x3
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PROBLEM STATEMENT

D .
ynamics Ideal Stochastic MPC

Tht1 = f(Tk, uk, w) P(z) : HEH E[J(u | xv)j|

e = h(xk, uk, w)

x the state

u the control

(f, h) known maps

w constant unknown parameters
but with known statistics over W

lllustrative example

. 2 1 —ws

i =1—wale /%8 _ pge” 3% g
. 2 1

To = wizie /%8 _ gy

.’i:3=u—x3
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PROBLEM STATEMENT

D .
ynamics Ideal Stochastic MPC

P(z): min E[J(u | z, -)]

Tk+1 = f((l’k,’lLk,'LU)

Yk = h(@k, uk, w . L=
( ) or gathering all the measurements in y( )

x the state

u the control P(y(_)) : nEn E[J(u | y(_): )]

(f, h) known maps

w constant unknown parameters T

but with known statistics over W . The () profile is implicitly
Yk assumed to induce extended

R observability of the (z, w)
lllustrative example

P SN [ S I — SN [N [N I S I —
L LI I I B [ I I N I B B A
k—M k
. 2 —1 —wa
1 =1—wxie /%3 _ o pie” 0/ _ g
B0 = wizle M — g More generally

a’:3=u—x3

p(y(_)) : m&nE[J] + ac? [J]
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Learning-Based Approximate Stochastic NMPC Design = Possible options

Possible solutions

e

Optionl (Extended Observer)

Build an extended observer to get
(Tr, Wr)
No more need for stochastic setting:

'u,* < P(i‘k, ’lf)k)

(+) If possible — The best performance
(-) Needs to build the observer!
(-) Computation burden adds to NMPC.
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Learning-Based Approximate Stochastic NMPC Design = Possible options

Possible solutions

e

Optionl (Extended Observer)

Build an extended observer to get
(Tr, Wr)
No more need for stochastic setting:

'u,* < P(i‘k, ’lf)k)

(+) If possible — The best performance
(-) Needs to build the observer!
(-) Computation burden adds to NMPC.

Mazen Alamir

Opti0n2 (Approximate statistics via clustering)

Standard NMPC with the cost given by

1 & :
- J ,{M/A
e Do s )

m w,." centres of computed clusters

[obtained via supervised clustering]

m /i, fraction of populations in cluster
J

m n. moderate thanks to clustering

Grenoble school on Data-Driven Solutions in Control

(-) Might still induce heavy computation!
Multiple shooting optimisation — N (ncngz + n,) d.o.f
(ne, N,ng,n,) = (10,100, 3,1) — 3100 instead of
400




Learning-Based Approximate Stochastic NMPC Design = Possible options

Possible solutions

Optionl (Extended Observer) Option2 (Approximate statistics via clustering)
Build an extended observer to get Standard NMPC with the cost given by
Tgo, Wi 1 & )
( ) ) = Z/l,/‘](u |1'k7 ”,(,/ )
. . Ne £
No more need for stochastic setting: i=1
* ~ A
u” = P(&k, wr) m centres of computed clusters
[obtained via supervised clustering]
(+) If possible — The best performance m /i; fraction of populations in cluster
(-) Needs to build the observer! j
(-) Computation burden adds to NMPC.

m n. moderate thanks to clustering

(-) Might still induce heavy computation!
Multiple shooting optimisation — N (ncngz + n,) d.o.f
(ne, N,ng,n,) = (10,100, 3,1) — 3100 instead of
400

[MA]. On the use of supervised clustering in stochastic NMPC

design. |EEE Transactions on automatic control, Volume 65,
Issue 12, 2020.
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Possible options

Learning-Based Approximate Stochastic NMPC Design

Possible solutions

e

Optionl (Extended Observer)

Build an extended observer to get
(Tk, Wi)
No more need for stochastic setting:

'u,* < P(i‘k,ﬁjk)

(+) If possible — The best performance
(-) Needs to build the observer!
(-) Computation burden adds to NMPC.

Mazen Alamir

Option2 (Approximate statistics via clustering)

Standard NMPC with the cost given by

1 &
= J @)
-~ ;:1 i J(w |ze, w.’’)

n w) ed clusters
[obtaine M" .de g

m  fre i"sl ons in cluster
J

m n. moderate thanks to clustering

(-) Might still induce heavy computation!

Multiple shooting optimisation — N (ncngz + n,) d.o.f
(ne, N,ng,n,) = (10,100, 3,1) — 3100 instead of

400

[MA]. On the use of supervised clustering in stochastic NMPC

design. |EEE Transactions on automatic control, Volume 65,
Issue 12, 2020.
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POSSIBLE SOLUTIONS

Opti0n3 (Approximate Dynamic Programming)

Approximate the optimal value
Q(z) where z:=(z,u)
based on the Bellman equation

Q(2) = (=) + yminfi + a5 2 ][Q( (), v)]
T Fixed-point |

m / stage cost
m + discounting rate

m [ approximated statistics over realisations of w
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Learning-Based Approximate Stochastic NMPC Design = Possible options

POSSIBLE SOLUTIONS

Opti0n3 (Approximate Dynamic Programming)

Approximate the optimal value
Q(z)

based on the Bellman equation

where z:= (x,u)

Q(2) = (=) + yminfi + a5 2 ][Q( (), v)]
| Fixed-point |

m / stage cost
m + discounting rate

m [ approximated statistics over realisations of w

m Choose a ML-based
structure for @

m Fixed-point iteration on Q

Convergence of the ierations

Tnfinity romm of aV.

‘J’ﬂ\\

%
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Learning-Based Approximate Stochastic NMPC Design = Possible options

POSSIBLE SOLUTIONS

Opti0n3 (Approximate Dynamic Programming)

Approximate the optimal value m Choose a ML-based
structure for @

Q(z) where z:=(z,u) m Fixed-point iteration on Q

based on the Bellman equation

P . N N l . Convergence of the ierations
Q(z) =L(z) + ymin[i 4+ a6 2][Q(f(2),v)] ‘f‘*\
v . 08
T Fixed-point ‘ g X
o4 A
£ N
m / stage cost oo SOOI A A
m + discounting rate u ; ; - - -

m [ approximated statistics over realisations of w

[MA]. Explicit approximation of stochastic op-

timal control for combined therapy of cancer.
arXiv:1905.04937, 2019.
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Learning-Based Approximate Stochastic NMPC Design = Possible options

POSSIBLE SOLUTIONS

Opti0n3 (Approximate Dynamic Programming)

Approximate the optimal value m Choose a ML-based
structure for @

Q(z) where z:=(z,u) m Fixed-point iteration on Q

based on the Bellman equation

P . N N l . Convergence of the ierations
Q(z) =L(z) + ymin[i 4+ a6 2][Q(f(2),v)] ‘f‘*\
v . 08
T Fixed-point ‘ g X
o4 A
£ N
m / stage cost oo SOOI A A
m + discounting rate u ; ; - - -

m [ approximated statistics over realisations of w

[MA]. Explicit approximation of stochastic op-
timal control for combined therapy of cancer.

q q q arXiv:1905.04937, 2019.
(-) Curse of dimensionality

(-) Fragile choice of the support state domain
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Learning-Based Approximate Stochastic NMPC Design

POSSIBLE SOLUTIONS

Possible options

Opti0n3 (Approximate Dynamic Programming)

Approximate the optimal value
Q(z) where z:=(z,u)

based on the Bellman equation

Q(z) = (=) + yminfis + a5 2][Q(f(2), v)]
Fixed-point

m / stage cost
m ~ discounting rat

m [ approximated statistics over realisations of w

m Choose a ML-based
structure for @

m Fixed-point iteration on Q

Convergence of the lerations
! f‘\

AN

A

A,

Tnfinity romm of aV.

Yo,
~~‘0\><xuh»(x><-xxknyx»(ux«yu)o(\(n;\x)ﬁ(x-(y(x:
0 10 "% 30 )

(-) Curse of dimensionality
(-) Fragile choice of the support state domain

Mazen Alamir

Grenoble school on Data-Driven Solutions in Control

40 50

[MA]. Explicit approximation of stochastic op-

timal control for combined therapy of cancer.
arXiv:1905.04937, 2019.
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DEFINITION OF THE ASSOCIATED ML PROBLEM (1)

We would like to have a feedback of the form

Yk

up = ML(y,E;)) where y(f) = yk:_l € [Rny]M+l

Yk—M
m y(_) The features
m uy [he label

Where does the label u; comes from?
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DEFINITION OF THE ASSOCIATED ML PROBLEM (2)

Ideally u, = uy(zg, w) where

. * — :
Plaww):  w*(aww) = arg min [J(u | o, w)]
or in terms of y(_) (extended observability required):
=)y . *(ar(F)y : -

Py, '):  w(y, ) =arg min [J(u | mk,w)]
Ty = ff?(y;(g_))
=iy )

But we do not want to build observers! (difficult if not impossible)
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (1)

Choose arbitrary pair ¢ := (zg, w)
SOIVe the problem P(.ﬁb’o,w) for known (zq, w)

4y (y' 7)) = uis (zo, w)

¥

Optimal trajectories w*(zo, w)

0 M N  time
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (1)

Choose arbitrary pair ¢ := (zg, w)
SOIVe the problem P(.CC(),’LU) for known (zq, w)

Feature g (y 7)) = ujy, (zo, w)

y)

. Label

Optimal trajectories w*(zo, w)

0 M N  time
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (1)

Choose arbitrary pair ¢ := (zg, w)
SOIVe the problem P(.ﬁb’o,w) for known (zq, w)

Feature g (y 7)) = ujy, (zo, w)

y)

. Label

Toe
Optimal trajectories w*(zo, w)

0 M N  time
NOTA

ﬂé(y(_)) is only an approximation of ué(y,i_)) since the Bellman equality
US(QUMa w) = u;\/f(x(h ’LU)

holds only for infinite horizon.
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BUILDING THE LEARNING DATA (2)

Therefore
0= o) —=PD (0 5, (a)
'ﬂﬁ(’y_(f')) = ujy (Zo, w)
y)  :
o — :
Optimal trajectories u*(zo, w)
0 | M | | N  time
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (2)

Therefore

Solve P
1= o) —22 PO gt

This is far too expensive to get a single sample in the learning data!

Cumulatice Histogram of CPU (Casadi)

Percentage of scenarios

o 2 4 @ @ 100 120 140
CPU time (sec)

More than 8 days to get a learning data set containing 50000 samples (Casadi-MS).
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (2)

Therefore

q = (20, w)

Solve P(q)

(¥ (a), uir(0))

This is far too expensive to get a single sample in the learning datal

X2

Typical optimal trajectories

WW\f NN

NN e

0 50 100 150 200 250

sampling periods

More than 8 days to get a learning data set containing 50000 samples (Casadi-MS).
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (3)

Zo® : :
Optimal trajectories u*(zo, w)

0 M N  time

D = {Wirsi @) wir4i(a?) }

(4,5)€{0,....m} x{1,....,nr}

m window's moves + n, different pairs ¢ — card(D)=m - n,

m = 250, n,, = 200 — 50000 samples for the price of 200 NLP solution — 50 minutes!
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (3)

- {‘G(y(\;)rl) = ufwﬂ(zo,w)
Zo e :
Dptimal trajectories u*(zo, w)
0 ' M+1 ' N  time

1

{yﬁ?@-(q), Uhy () }i=0

D:= {[yXHz:(q(j))]’ ’Uﬁfﬂ(qm)}

(4,5)€{0,....m}x{1,...,n, }

m window's moves + n, different pairs ¢ — card(D)=m - n,

m = 250, n,, = 200 — 50000 samples for the price of 200 NLP solution — 50 minutes!
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BUILDING THE LEARNING DATA (3)

— (Y ) a2 = Wy o (20, w)

SRRV e
i

Ynm+2

Toe®
Optimal trajectories u*(z¢, w)

0 M+2 N  time

2

{yﬁl)i(q), Uhr+(9) }i:O

D= { Wi i(a?)) wirsala?) }

(4,5)€{0,....m}x{1,...,n, }

m window's moves + n, different pairs ¢ — card(D)=m - n,

m = 250, n,, = 200 — 50000 samples for the price of 200 NLP solution — 50 minutes!
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (4)

Performance drop

m

—— Distance to Bellman

Performance drop for a Fixed number of NLP solutions ()
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (4)

Performance drop

Extrapolation error on unseen data

m

—— Distance to Bellman

Performance drop for a Fixed number of NLP solutions ()

Mazen Alamir Grenoble school on Data-Driven Solutions in Control

44 /82



Based Approximate Stochastic NMPC Design | Building the learning data

BUILDING THE LEARNING DATA (4)

Performance drop

sub-optimality induced drop in performance

Extrapolation error on unseen data

m

—— Distance to Bellman

Performance drop for a Fixed number of NLP solutions ()
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Based Approximate Stochastic NMPC Design | Building the learning data

BUILDING THE LEARNING DATA (4)

Performance drop

Resulting loss of performance
sub-optimality induced drop in performance

Extrapolation error on unseen data

m

—— Distance to Bellman

Performance drop for a Fixed number of NLP solutions ()
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (4)

Performance drop
|

Resulting loss of performance
sub-optimality induced drop in performance

I

1
Optimal choice m

—— Distance to Bellman

Extrapolation error on unseen data

Performance drop for a Fixed number of NLP solutions ()
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Learning-Based Approximate Stochastic NMPC Design = Building the learning data

BUILDING THE LEARNING DATA (4)

Performance drop
|

Resulting loss of performance
sub-optimality induced drop in performance

I

1
Optimal choice m

—— Distance to Bellman

Extrapolation error on unseen data

Performance drop for a Fixed number of NLP solutions ()

The optimal choice is problem-dependent.
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Learning-Based Approximate Stochastic NMPC Design = To summarize

THE WHOLE FLOW IN A GLANCE

0@ = @), W)

Generate n, pairs q(j) ( _
LSOIve PgD) for j=1,...,n, m moves

!

3 N
— 45(ypy ) = upy (2o, w)

—— plm)

v |
Zo e
Optimal trajectories w*(zo, w)
0 M N time
Feedback

uw= MLy, (y)) - Learn Model ML,,
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APPLICATION TO THE PARALLEL REACTOR EXAMPLE

Typical optimal trajectories

[ Parameters of the method Z: \ﬁ\/\/\]\N\W
s N =250 e
= M =10 :::\]\]W
= m € {10, 50, 100, 150, 200} 0 B m a0 =
= w’ = (10%,400,0.55) , = )

mow; = (1 —I—z/i)w?

m Y € N(0,0’i) with o; = 0.33

z0e

ptimal trajectories u* (o, w)

0 M+1 N time
| XO = [10_4,05] X [10_4702} X Statistics of w used in learning
[107*,0.25] o -
m o sampled uniformly in Xq H
= n, = 500 g

ol
02 04 06 08 10 12 14 16 18
Ratio to nominal
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EXAMINATION OF THE CLOUD OF CONTROL

Histogram of «
» 60000 -
i}
~
o
c
9 40000 -
w
il
o
—~
@ 20000 -
£
=]
=2
0" " g1 02 03 04
Value of u

Histogram of the encountered
“Mﬂ'(”«"gj) ,wi)

— RandomForestClassifier - sklearn
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EXAMINATION OF THE CLOUD OF CONTROL

Histogram of «

» 60000 -
i}
] ©

1 lf u S 0.075 § 40000 -
label = ¢ 2 if u €]0.14] -

3 otherwise g 20000 -
£
=]
=2

0" 01 To02 T 03 Toa
Value of u

Histogram of the encountered
“Mﬂ'(”«"gj) ,wi)

— RandomForestClassifier - sklearn
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EXAMINATION OF THE CLOUD OF CONTROL

Histogram of «
» 60000 -
Re]
©
1 ifu S 0.075 § 40000 -
label = ¢ 2 if u €]0.14] -
3 otherwise & 20000-
§
Based on this observation, a = o L. —_ ]
classification approach is adopted 0.1 0.2 0.3 04
for the definition of the ML-based Value of u

feedback
Histogram of the encountered
) G
Whr1i(2g 7w(]))

— RandomForestClassifier - sklearn
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Learning-Based Approximate Stochastic NMPC Design = Illustrative Example
The choice of y~

Feature g (y wh, (zo, w) .
) Histogram of u
i » 60000 -
= Label o
=
Zo g
Optimal trajectories w* (2. w
] ptAnnA\l T.l \!u%onfs u A(J“, u) 8 40000 -
w
—
0 M N  time E
@ 20000 -
0 2 -1 —wse
1 =1—wzie /r3 _ wozre " 3/x3 _ @1 _g
S
. 2 -1
&2 = wiale™ /™ — = T01 02 03 04
T3 =u— 3 Value of u
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Learning-Based Approximate Stochastic NMPC Design = Illustrative Example
The choice of y( )

Feature ug(y uys (zo,w) s
N Histogram of u
y » 60000 -
. Label o
=
o g
Optimal trajectories w*(zo, w
¢ pt}m»\l FI I!((%()nr(\‘u F"‘, u) 8 40000 -
)
—
0 M N time E
@ 20000 -
. 2 -1 —w:
21 =1—wzie 128 _ pope” 3% _ gy =
3
. 2 -1
Ty = wWixie /w3—x2 z 0 SO RN I I
0.1 0.2 0.3 0.4
T3 =u— X3 Value of u

If the control is included in y(_), then ML algorithms would prefer to define the label to
be equal to the most recent control as this would correspond to a very high precision.
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Learning-Based Approximate Stochastic NMPC Design = Illustrative Example
The choice of y( )

Feature ug(y wys(To, w) s
N Histogram of u
y » 60000 -
. Label o
=
o g
Optimal trajectories w*(zo, w
¢ pt71m>|l FI I!(((V()nr(sAu F"‘, u) 8 40000 -
)
—
0 M N time E
@ 20000 -
. 2 —1 -
21 =1—wzie 128 _ pope” 3% _ gy =
3
. 2 -1
T2 = Wix1€ /w3—x2 z 0 SO RN I I
0.1 0.2 0.3 0.4
T3 =u— X3 Value of u

By taking M = 10, the conjecture is that, for this specific problem, the use of the
measurement profile of y := a2 would be enough to implicitly reveal the value of the
state and the parameters and makes the whole framework successful.
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LEARNING RESULTS INDICATORS

Training Fitting Results for m=200 Test Fitting Results for m=200

Predicted 1 Predicted 2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True 1 0.864587 0.000876 0.134537 True 1 0.837207 0.001497 0.161296
True 2 0.037416 0.910633 0.051952 True 2 0.034890 0.906348 0.058762
True 3 0.061044 0.072229 0.866727 True 3 0.085657 0.071689 0.842654

Training Fitting Results for m=150 Test Fitting Results for m=150

Predicted 1 Predicted 2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True1  0.853440  0.000977 0145583  Tryeq  0.802438  0.001393  0.196169
True2 0032815 0906244  0.060941  Tue2  0.038033  0.885517  0.076450

True3  0.058449  0.069354  0.872197 7Tye3  0.091729  0.067559  0.840713
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LEARNING RESULTS INDICATORS

Training Fitting Results for m=100 Test Fitting Results for m=100

Predicted 1 Predicted 2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True 1 0.827210 0.001355 0.171436  True 1 0.768473 0.002208 0.229319
True 2 0.037492 0.893665 0.068843  True 2 0.046135 0.879676 0.074190
True 3 0.063109 0.060419 0.876473  True 3 0.107484 0.060515 0.832001

Training Fitting Results for m=50 Test Fitting Results for m=50

Predicted 1 Predicted 2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True 1 0.825142 0.001733 0.173125  True 1 0.701038 0.004540 0.294423
True 2 0.079295 0.836123 0.084581 True 2 0.108514 0.824708 0.066778
True 3 0.061771 0.026026 0912203  True 3 0.157318 0.024759 0.817923
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LEARNING RESULTS INDICATORS

Training Fitting Results for m=10 Test Fitting Results for m=10

Predicted 1 Predicted2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True 1 0.995633 0.000000 0.004367  True 1 0.490566 0.001451 0.507983
True2  0.014493 0956522  0.028986 True2  0.190476  0.142857  0.666667
True3 0002632  0.000000  0.997368 True3  0.211313  0.002134  0.786553

Training Fitting Results for m=200 Test Fitting Results for m=200

Predicted 1 Predicted 2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True 1 0.864587 0.000876 0.134537 True 1 0.837207 0.001497 0.161296
True 2 0.037416 0.910633 0.051952 True 2 0.034890 0.906348 0.058762
True 3 0.061044 0.072229 0.866727 True 3 0.085657 0.071689 0.842654
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LEARNING RESULTS INDICATORS

Training Fitting Results for m=10

Test Fitting Results for m=10

Predicted 1 Predicted 2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True1 0995633  0.000000  0.004367 True1  0.490566  0.001451  0.507983

True 2 0.014493 0.956522 0.028986 True 2 0.190476 0.142857 0.666667

True3 0002632  0.000000  0.997368  True3  0.211313  0.002134  0.786553
Training Fitting Results for m=200 Test Fitting Results for m=200

Predicted 1 Predicted 2 Predicted 3 Predicted 1 Predicted2 Predicted 3

True1  0.864587  0.000876  0.134537 True1  0.837207  0.001497  0.161296

True2  0.037416 0910633  0.051952 True2  0.034890  0.906348  0.058762

True3  0.061044 0072229  0.866727 True3d  0.085657  0.071689  0.842654

When test results precision is significantly worse than training precision,
this indicate over-fitting — bad extrapolation capabilities.
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Learning-Based Approximate Stochastic NMPC Design = Illustrative Example

LEARNING RESULTS INDICATORS

Training Fitting Results for m=10 Test Fitting Results for m=10

Predicted 1 Predicted2 Predicted 3 Predicted 1 Predicted 2 Predicted 3

True 1 0.995633 0.000000 0.004367  True 1 0.490566 0.001451 0.507983
True2  0.014493 0956522  0.028986 True2  0.190476  0.142857  0.666667
True3 0002632  0.000000  0.997368 True3  0.211313  0.002134  0.786553

Performance drop

Training Fitting Results for m=200 i
Predicted 1 Predicted2 P } redicted 3
True1  0.864587  0.000876 0.161296
True2 0037416  0.910633 ! 0.058762
True3  0.061044  0.072229 T e R

When test results precision is significantly worse than training precision,
this indicate over-fitting — bad extrapolation capabilities.
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Learning-Based Approximate Stochastic NMPC Design = Illustrative Example

Validation indicators

Using a new set of 200 pairs of (z(,w), closed-loop is simulated over N
sampling period. shall compare the following performance indices:

Casadi Optimal

Since the closed-loop
simulations last also N
sampling periods (The
same used for the
computation of the
open-loop optimal
control), the casadi cost
is the optimal one since it
perfectly knows the
parameter values.

Nominally Optimal

This is the closed loop
using learned output
feedback from the
validation data in which
the nominal parameter is
used. (Only the initial
state is taken from the
sampled data).

Proposed for # m

This is the closed loop
using learned output
feedback from the
validation data D,,
obtained by m moves of
the window for each zg in
the learning data.

Mazen Alamir
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Learn

RESULTS

mate Stochastic NMPC Design  lllustrative Example

Performance statistics

100 —-
-
8-
9
8
s
2
g e
5 mean relative performance to nominal
°
£ w0 Optimal value (Casadi) 0.145409 1.312882
£
¢ Identified_on_nominal 0.110755 1.000000
]
kg Identified on Nominal m = 200 \dentified with m = 200 0.137988 1.245879
2| —— Open-Loop Optimal Casadi
— L imodiy Identified with m = 150 0.137134 1238172
— identified with m = 150
—— Identified with m = 100 Identified with m = 100 0136665 1.233937
identified with m = 50
0 — Identified with m = 10 Identified with m =50 0133643 1.206650
oo o1 02 03 o4 os o i
Achieved Closed-Loop Cost Identified with m =10 0115146 1.039641
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Learni ased Approximate Stochastic NMPC Design = lllustrative Example

RESULTS

Performance statistics

100

8-
9
8
s
2
g e
5 mean relative performance to nominal
v
£ w0 Optimal value (Casadi) 0.145409 1.312882
£
¢ Identified_on_nominal 0.110755 1.000000
k]
& s pedglecaber il Identified with m =200 0.137988 1.245879
20 —— Open-Loop Optimal Casadi
— L imodiy Identified with m = 150 0.137134 1238172
— identified with m = 150
—— Identified with m = 100 Identified with m = 100 0.136665 1.233937
identified with m = 50
0 — Identified with m = 10 Identified with m =50 0.133643 1.206650
0o 01 02 03 0a s g i
Achieved Closed-Loop Cost Identified withm = 10 0.115146 1.039641

The proposed method enables to recover 78% of the advantage of knowing perfectly the
parameters values when m € {200, 150, 100}.
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Learning-Based Approximate Stochastic NMPC Design = Illustrative Example

RESULTS

Performance statistics

100

sk
9
8
s
2
g w
5 mean relative performance to nominal
v
£ w0 Optimal value (Casadi) 0.145409 1.312882
£
¢ Identified_on_nominal 0.110755 1.000000
k]
& s pedglecaber il Identified with m =200 0.137988 1.245879
20 —— Open-Loop Optimal Casadi
— L imodiy Identified with m = 150 0.137134 1238172
— identified with m = 150
—— Identified with m = 100 Identified with m = 100 0.136665 1.233937
identified with m = 50
0 — Identified with m = 10 Identified with m =50 0.133643 1.206650
o0 o1 o4 0 Identified with m =10 0115146 1.039641

02 03
Achieved Closed-Loop Cost

The proposed method enables to recover 78% of the advantage of knowing perfectly the
parameters values when m € {200, 150, 100}.

For smaller values of m, data is no more sufficiently representative.
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Learning-Based Approximate Stochastic NMPC Design = Illustrative Example

RESULTS

Performance statistics

100

8-
9
8
s
2
g e
5 mean relative performance to nominal
v
£ w0 Optimal value (Casadi) 0.145409 1.312882
£
¢ Identified_on_nominal 0.110755 1.000000
k]
& s pedglecaber il Identified with m =200 0.137988 1.245879
20 —— Open-Loop Optimal Casadi
— L imodiy Identified with m = 150 0.137134 1238172
— identified with m = 150
—— Identified with m = 100 Identified with m = 100 0.136665 1.233937
identified with m = 50
0 — Identified with m = 10 Identified with m =50 0.133643 1.206650
0o 01 02 03 0a s g i
Achieved Closed-Loop Cost Identified withm = 10 0.115146 1.039641

The proposed method enables to recover 78% of the advantage of knowing perfectly the
parameters values when m € {200, 150, 100}.

For smaller values of m, data is no more sufficiently representative.
The identified output feedback outperform the casadi output (non achieved optimality)

in 10% of the scenarios.
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Learning-Based Approximate Stochastic NMPC Design = Conclusion
Conclusion

m A heuristic!

Special care is needed regarding the choice of y‘i*)

m No need for explicit extended observer.

Close-to-optimal dynamic output feedback.

Tota||y Scalable (No exponential explosion with state or parameter dimension).

m Unthinkable without the previous development of NLP (more or less)
reliable solvers

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



TAKE HOME MESSAGE

m Observer paradigm
s NMPC B RandomForestClassifier
m Casadi = RF: R0 — {1, 2, 3}

m Ok 85% in CL

New Design

New Design that would be unconceivable without the mix of two cultures!

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 53 /82



Tractable stochastic NMPC by supervised clustering

Tractable stochastic NMPC by supervised clustering
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STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics & = f(z,u,w)
Cost J(ul(z, w))
Constraints  g(ul|(x, w))

w-statistics W

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.
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Tractable stochastic NMPC by supervised clustering

STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics & = f(z,u,w)
Cost J(ul(z, w))
Constraints  g(ul|(x, w))

w-statistics W

Dy,-FIFO

Dn

L e !, 1, g, gl

u

w'

5 5 5 5 Solve Deterministic NMPC
(w2, g, g0,

*

(5,5 =

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.

w'

Mazen Alamir Grenoble school on Data-Driven Solutions in Control




Tractable stochastic NMPC by supervised clustering

STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics

Cost

Constraints

w-statistics

Dy,-FIFO

Dy, v
(wm y fu,Le] s Jy] s gy])k Thread <— 'm[é:
(3]
l«<— u
Solve Deterministic NMPC (2]

(), ul2) S g2l e w

(w1 g0 gy,

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.
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Tractable stochastic NMPC by supervised clustering

STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics 2 = f(z,u, w)
Cost J(u|(x, w))

Constraints  g(ul|(x, w))

w-statistics W

Dy,-FIFO

Dn

Thread <— w[e]

¢ (Wi, g gLy,

Solve Deterministic NMPC

(w2 g2 g2l

(i, 1 g0y,

.

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.
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Tractable stochastic NMPC by supervised clustering

STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics & = f(z,u,w)
Cost J(ul(z, w))
Constraints  g(ul|(x, w))

w-statistics W

Dy,-FIFO
~
>
£
¢ | & Dn v
0 (w[l] § '“’LE] X Jy] X gy])k Thread <— ’Ur[é]

5 5 5 5 Solve Deterministic NMPC
(w2, g, g0,

(it 1 g0 gy,

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.
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STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics & = f(z,u,w)
Cost J(ul(z, w))
Constraints  g(ul|(x, w))

w-statistics W

Clustering on (w4, Jy)

NPT W
Dy-FIFO O
s )
o> L
£
e | g Dn
p w4, W, 718 glely, Thread, CEEHL

5 5 5 5 Solve Deterministic NMPC
(w2, g, g0,

(it 1 g0 gy,

.

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.
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STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics & = f(z,u,w)
Cost J(ul(z, w))
Constraints  g(ul|(x, w))

w-statistics W

Clustering on (w4, Jy)
induced clusters on w

wat, SgG
Dy,-FIFO } ,_,9.’.' ;;‘:._._ o (1) @
5 @' o 0®
£
e | g Dn
p w4, W, 718 glely, Thread, CEEHL

5 5 5 5 Solve Deterministic NMPC
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Tractable stochastic NMPC by supervised clustering

STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Dynamics 2 = f(z,u, w)

ne
minU;/;, cJ(uw | (2, w' )

w, >
Cost J(u|(x, w))
under
Constraints  g(u|(z, w)) 1_ e
(#) o) <
w-statistics W 9w |(z, N+ € 79T =K
t=1,...,n¢
Clustering on (w4, Jy)
\ induced clusters on w
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STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

el 2 tumor cell population;
Dynamics = f(z,u,w i . (%) 3 circulating lymphocytes population;
Y f( T ) uT;gU Z Pi J(u ‘(x' “ )) a3 chemotherapy drug concentration;
Cost J(u|(z, w)) e ra=l 4 effector immune cell population;
B under u, rate of introduction of immunotherapy drug;
Constraints  g(u|(z, w)) 1_ e uj rate of introduction of chemotherapy drug.
(i) (4)
w-statistics W g(u |(z,w ")) + —’7[,( <p and the dynamics is given by
P=1,...,n4 i1 = azy (1 - bey) — 124y — kawazs
Bo = =0z — kax3zy + S2
Clustering on (w4, Jy) By = —oxs + Uz
y induced clusters on w 1= gy — 1 — pozamy — kywaws + sy
h+xy
S 1
Dy-FIFO TEY) . @
= w
S WG
£
e | & Dn
2
p w4, W, 718 glely, Thread, CEEEME
T PEEY
Solve Deterministic NMPC (2]
(w[2], u?], ‘]P]’ g£2])k Threads ST
1
(w[l],uE], J£1],gL1])k Thread; OSSN
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STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

a; tumor cell population;

Dynamics 2 = f(z,u, w) mm Z pi - J(u|(x,u 1/1)) @, circulating lymphocytes population;

U, >

Cost J(u|(z, w))

3 chemotherapy drug concentration;
a4 effector immune cell population;

under u; rate of introduction of immunotherapy drug;
Constraints  g(u|(z, w)) 1_ e uj rate of introduction of chemotherapy drug.
(2) — ()
— glu |(z, w + o, <p and the dynamics is given b;
w-statistics W (w (=, ) € 9 ynamics 18 g 4
P=1,...,n4 1 = az (1 - bar) — 12421 — ko
&y = —0xg — kaZ3Ta + 52
Clustering on (w4, Jy) d3 = —YoT3 + U2

Y e —Jh+ o, T4 T~ PoTady — k1zamy + s1us.
Dy,-FIFO 1
B * w( ) . .. (2) 13 uncertain parameters
= w
A minimize x1 under o > xmm
> o (3
Y/ Il nep =3
e | g Dn
0 (wll] § '“’LZ] X Jy] X gy])k Thread
T Thread
5 5 5 5 Solve Deterministic NMPC
(w[]’"‘L]’JL]’QL])k Thread
(w[l] , uLl] , J£1] , g[l] Y Thread

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.

Mazen Alamir

Grenoble school on Data-Driven Solutions in Control




Tractable stochastic NMPC by supervised clustering

STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Nel . Histogram of the terminal tumor size
Dynamics & = f (@, v, w) un;‘igo 2 pi I (@ et ! Stochastic MPC
Ju=0 — s
Cost J(u|(z, w)) =1 ~— Nominal MPC
Constraints  g(u|(z, w)) under 1—¢ 0.5
(i) (i)
u |(z, w o, <
w-statistics W 9w |(z, N+ € 7 s
=1, s Mgl 0
0 02 04 06 08 1 12 14 16 18
Clustering on (., Jy) Normalized terminal tumor size
\ induced clusters on w
Dy,-FIFO o (1)
o v e
S WG
£
e |2 Dn
i 2 £ £ 4
p w4, W, 718 glely, Thread, CEEEME
T LLICE] — w!?]
Solve Deterministic NMPC (2]
(w[2], u?], ‘]P]’ g£2])k Threa «— w
) W1, S0 gl Thread; DEEMEY
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Tractable stochastic NMPC by supervised clustering

STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

el . Closed-loop drug delivery (Nominal MPC)
Dynamics = f(z,u,w) min Z/;, - J(uw \(x,u”‘)) 6
w,pu=0 = uy-i erapy -
Cost J(u|(z, w)) = 4 ——— up-chemotherapy
—>
. under
Constraints  g(u|(z, w)) 1_e 9
(i) (i)
) <
w-statistics W g(u (@ w ) + ——o <u A A A
i=1,...,n 0 5 10 15 20 25 30 35

Clustering on (u* , .]*) Closed-loop drug delivery (Stochastic MPC)

y induced clusters on w —uy
4 ——uy
Dy-FIFO o (1)
o v e 2
s o (3) 0 [
Y w 0 5 10 15 20 25 30 35
I Time (Days)
e |8 Dn
p (¥, w4 g1 gLy, Thread, [EEHE
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) W1, S0 gl Thread; DEEMEY
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STOCHASTIC MPC USING SUPERVISED CLUSTERING

Distributing the data building over the real-life time

Histogram of the terminal tumor size

ngp
Dynamics & = f(z, u, w) min E pi - J(u |[(x,w'")) 1 =
w,pn=>0 —1 g | —— Stochastic MPC
Cost J(u|(x, w)) = i |E —— Nominal MPC
1 under s |2
Constraints g (u|(z, w)) 1_e 05 {7 1*
(i) (i)
L. g(u |(z,w + —0o0, < pu
w-statistics W (w I ) € 9
=1, s Mgl 0
0 02 04 06 08 1 12 14 16 18
Clustering on (w, J,) Normalized terminal tumor size
\ induced clusters on w
STATISTICS OF THE COMPUTATION TIMES (IN MS) OF A SINGLE SOLUTION OF
THE OPTIMIZATION PROBLEM. (CASADI [4] (PYTHON VERSION) ON A

Dy,-FIFO o () MACBOOKPRO 2.9 GHZ INTEL CORE 17)

[N O w (2) Mean (ms) | Standard deviation (ms)

3 70 76

o o w(g) 383 330

Il

o Dy,

<

@, ulf, S, g1,

(w2 g2 g2l

(it 1 g0 gy,

Thread <— w[é]
— w3
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Thread; w[l]

M.A On the use of supervised clustering in stochastic NMPC design. IEEE-TAC. Volume 65, Issue 12, 2020.

Mazen Alamir

Grenoble school

Data-Driven Solutions in Control




Data-Driven NMPC by cost function identification

Data-Driven NMPC by cost function identification

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 56 / 82



Data-Driven NMPC by cost function identification = Using ML in NMPC design

Possible use of ML in MPC design

Direct single shooting formulation of MPC:

Uk
u; < min [J(uk |xk)] Uy = : € [R"“]N
u, €UN .
Uk+N—1
Xk
U
Upr1 Uk N1l
k k+ N t
Standard settings
MPC Feedback Control N
I | xK) =D UKt Ukri—1)
i=1
{ KMPC(Xk) = UZ Xk4i+1 = f(Xk-Ha uk+,‘)
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iven NMPC by cost function identification = Using ML in NMPC design

Possible use of ML in MPC design

Option 1 Learn optimal solution

e Known Dynamics

o NMPC solvers (ACADO, GURBOI, CASADI) Direct single shooting formulation of MPC:

o Solve many problems off-line uj, = min, [ 1x0)] Ui = [ } 0

Ukt N—1,

e Use ML to fit a model with

o features: xx

. x
o Label: uy p:
Standard settings

MPC Feedback Control ]
St | x0) = 37 Uiy Uki—1)
=

Possible drawbacks:
Kuare(x) = u i1 = (s )

(-) Needs the dynamical model

(-) Expensive computation per samples
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Data-Driven NMPC by cost function identification = Using ML in NMPC design

Possible use of ML in MPC design

Optlon 2 ML to identify dynamics -+ on-line solutions

e Unknown Dynamics

e Use ML to fit a dynamic model with

Direct single shooting formulation of MPC:

o Features: yi_n, Ux—n, uk e
o Label: yi41 o= ol [J("k \Xk)] U= [ : } e [r"]"
: i : Upy N1,
o Use either on-line optimisation or
option 1 discussed earlier. X4,
k k+N t
Advantage: Standard settings
. . B
(-) If successful — Predictive dynamics. /MPC Feedback Control o ) = 3 s 1)
Kare( i = M)
Drawbacks: = :

(-) Unnecessarily ambitious for MPC

(-) Hard (error propagation)
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Data-Driven NMPC by cost function identification

Using ML in NMPC design

Possible use of ML in MPC design

C00| O ptiOn Identify cost + on-line solution

e Unknown Dynamics

o Gather measurements under

e Use on-line derivative-free solvers

(+) fit only what is needed (single model)

o open-loop control OR
o loosely defined feedback

Use ML to fit a model with

o Features: ®(yx_n, uk—n, ty) “

o Label: J(®)

(ML Models are rarely differentiable )

Direct single shooting formulation of MPC:

uj, < min, [J(u; | xk)} o=

Standard settings
S

MPC Feedback Control L
cecback Tontre e | 30) = D vy i)

Kuwe(xk) = ui Xipien = F (i i)

(+) Very light computation per samples

(+) output MPC feedback (no observer)

Mazen Alamir
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Data-Driven NMPC by cost function identification = The supporting example

The illustrative example

Reactor with two parallel reactions

R—P; R—P;

xx=1-— 104X126_1/X3 _ 400X16—0455/X3 —x
So =105¢e 18 — x,

X3=U—X3

e Xxj concentration of R
e x concentration of P; (= y)
e x3 temperature of the mixture

e u € [0.049,0.449] heat flow

[Bailey et al. Cyclic operation of reaction systems: effect of heat and
mass transfer resistance. AIChE Journal, 17(4):818-825, 1971]

Grenoble school on Data-Driven Solutions in Control
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Data-Driven NMPC by cost function identification = The supporting example

The illustrative example

Reactor with two parallel reactions Objective

R—P, R— P, Maximise the production of y = x»

Cost function
x1=1—10*x¢e™1/* — 400x1e 055/ — x 1
! J::_(NIT'yk"l‘a)’kJrN)
%o =100¢e /% — x,

where

X3 = U— X
3 3 Yk+1

e xj; concentration of R Yk+N
® xp concentration of P; (= y)

e x3 temperature of the mixture

o u € [0.049,0.449] heat flow Optimal steady state

[Bailey et al. Cyclic operation of reaction systems: effect of heat and xst = (0.0832,0.0846, 0.149)
mass transfer resistance. AIChE Journal, 17(4):818-825, 1971].
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Sketch of the methodology

Step 1. Generate Learning Data

Evolution of y = a5

Evolution of u

0.15
0.4
0.3 0.1
0.2
01 5-1072

T
0 200 400 600 800 0 200 400 600 800
Time units Time units

o A set of 1000 interval durations is randomly sampled uniformly in [, 1007].
o A set of 1000 input values are sampled uniformly in 2/ := [0.049, 0.149].

e — a learning scenario containing 50324 samples
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Generating the learning data

Data-Driven NMPC by cost function identification = The methodology

Sketch of the methodology

Step 1. Generate Learning Data

Evolution of y = z2
e "k

0.15 ¢
&
01 5 ~
- ‘ Yk-N
ST Al l S
5.10-2 Lo Uk-N-1 up s
0 200 400 600 800 J
Time units . +— —t— +
k—N kk+1 k+N

o A set of 1000 interval durations is randomly sampled uniformly in [r, 1007].
o A set of 1000 input values are sampled uniformly in ¢ := [0.049, 0.149].

e — a learning scenario containing 50324 samples
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Sketch of the methodology

Step 1. Generate Learning Data

Evolution of y = x2
o Mk

0.15 ¢
| &k
Tk
01 7 Yr-§ vk [
. M - =
5.1072 . MM Uk—N-1 ug:
0

200 100 600 800 1 ‘ l
Time units

k—N kk+1 k+N

o A set of 1000 interval durations is randomly sampled uniformly in [r, 1007].
o A set of 1000 input values are sampled uniformly in ¢/ := [0.049, 0.149].

e — a learning scenario containing 50324 samples
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The methodology = Generating the learning data

Data-Driven NMPC by cost function identification

Sketch of the methodology

Step 1. Generate Learning Data

Evolution of y = z, Mk
0.15
0.1 )
mMM{u WM"M» i ~
Uk—N~-1 Uk b

5-1072

600 800

0 200 400
Time units
kk+1
o A set of 1000 interval durations is randomly sampled uniformly in [r, 1007]
o A set of 1000 input values are sampled uniformly in U/ := [0.049, 0.149].

o — a learning scenario containing 50324 samples
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The methodology = Generating the learning data

Data-Driven NMPC by cost function identification

Sketch of the methodology

Step 1. Generate Learning Data

Tk

Evolution of y = z,

0.15
£
0.1 <
MMMW ik ¥ e LT
5.10-2 Uk—N-1 ugp

800

0 200 100 600
Time units
kk+1 k+N

o A set of 1000 interval durations is randomly sampled uniformly in [r, 1007]
o A set of 1000 input values are sampled uniformly in U/ := [0.049, 0.149].

o — a learning scenario containing 50324 samples
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Data-Driven NMPC by cost function identification = The methodology = Generating the learning data

Sketch of the methodology

Step 1. Generate Learning Data

Evolution of y = x5
o Tk

0.15 &
.
01 o 1
‘}W«U«U MM‘ { Yk-N 1 NET
5-1072 ( : - ug-N-1 ur N

0 200 100 600 800
Time units

k—N kk+1 k+ N

o A set of 1000 interval durations is randomly sampled uniformly in [r,1007].
o A set of 1000 input values are sampled uniformly in ¢/ := [0.049, 0.149].

e — a learning scenario containing 50324 samples

— number of samples ns = 50324 — 2N samples:

& = (Yo —N> Uk —N—1, U,) € R3V
{gs,ns}"s ns = J(u, | Yig—n, Uk—n—1) ER

—1
i =*(N1T'.Vks+04}’ks+N)
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Data-Driven NMPC by cost function identification = The methodology = Generating the learning data

Sketch of the methodology

Step 1. Generate Learning Data

Evolution of y = 25

0.15

| . &
0.1 U . o <
W“J“AW‘WW 7 Yr-N NI
5.1072 - e i uk-N-1 C w |

0 200 100 600 800 1 ‘ l
Time units

o A set of 1000 interval durations is randomly sampled uniformly in [r, 1007].
o A set of 1000 input values are sampled uniformly in ¢/ := [0.049, 0.149].

e — a learning scenario containing 50324 samples

— number of samples ns = 50324 — 2N samples:

& = (Yie—n; U—n—1, Ui, ) € RSV
{gs,ns}"s Ns = J(uk, | Yeo—n> Us—n—1) ER
s=1 T
= _(Nl Yk, + O¢Yk5+N)
N =100 — & € R3% too high for an appropriate ML design.
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Dat

iven NMPC by cost function identification = The

Sketch of the methodology

thodology = Feature selection

Step 1. Generate Learning Data

" Yonsashibaald [y [ = PN

[ [

A set of 1000 interval durations is randomly sampled uniformly in [r, 1007]

© A set of 1000 input values are sampled uniformly in U := [0.049, 0.149].

 — a learning scenario containing 50324 samples

— m = 50324 — 2N samples:

{i @ }"' & = (Yig—n, Uy -1, U, ) R
a P ns = J(uk, | Yig—n, U —n-1) ER
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Data-Driven NMPC by cost function identification | The methodology = Feature selection

Sketch of the methodology

Step 1. Generate Learning Data

beastglosd kgLt T i ]

A set of 1000 interval durations is randomly sampled uniformly in [, 1007].
o A set of 1000 input values are sampled uniformly in { := [0.049,0.149)].

 — a learning scenario containing 50324 samples

— m = 50324 — 2N samples:

{é " }’" & = (Y, thy—n—1, i) RV
s=1 ns = J(uk, | Y- U —n-1) ER

Step 2. Features selection

>(§) = [¢0(yk—N)’ ooy Gam—1(Yk—n),
do(Uk—n)s - -+ > Pnpy—1(Uk—n),

do(ux), - -~7¢nm—1("k)] € R3m
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Sketch of the methodology

Step 1. Generate Learning Data

uA..MAw»,,vAr] Wl i Sc ]

A set of 1000 interval durations is randomly sampled uniformly in [, 1007].
o A set of 1000 input values are sampled uniformly in { := [0.049,0.149)].

 — a learning scenario containing 50324 samples

— m = 50324 — 2N samples:

{é W }’" & = (Yig—n» U —N—1, ) € RV
s=1 ns = J(uk, | Y- U —n-1) ER

Step 2. Features selection s: a signal defined on /

O(€) = [do(Whn), s Srm—1(Vi—n), L
{5) o= — W
do(Uk—n)s -+ - > Pnpy—1(Uk—n), gi(e)= /] ;s (7)

do(ux), - -~7¢nm—1("k)] € R3m
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Sketch of the methodology

Step 1. Generate Learning Data

" Machine Learning Problem

Umuwwr; kot -- e : =i R
IEENNRARNUENI n ~ ML(®(&)) =: J(&)

A set of 1000 interval durations is randomly sampled uniformly in [r,1007]

3nm (— 9
o A set of 1000 input values are sampled uniformly in &/ := [0.049, 0.149] Features ® € R (_ R )

 — a learning scenario containing 50324 samples Label n=Cost function

— m = 50324 — 2N samples:

{& m}"' & = (Y-, -1, Uk, ) € RV
) s = J(uig | Y-, Uk —n-1) ER

Step 2. Features selection s: a signal defined on /

(€)= [do(Yh-n)s -+ Bnm—1(Vh—n), L
(s) = 1§50
Go(th—n)s -+ bn—1 (W), 9i(s) - |/|§5 0

¢0(Uk)7~-~,¢nm—1(u/<)] € R3™m
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Data-Driven NMPC by cost function identification = Github repository

Freely available python implementation on GitHub

& github.com, er J dictc

O Why GitHub? Team Enterprise Explore Marketplace Pricing

B mazenalamir / siso_predictor

<> Code Issues Pull requests Actions Projects Security Insights

E: Join GitHub today

GitHub is home to over 50 million developers working toge
manage projects, and build software 1

¥ master ~ ¥ 1branch © 0tags
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Dat

riven NMPC by cost function identification = Github repository

Freely available python implementation on GitHub

e mazenalamir Update README.md 69dda19 on 4 May & 10 commits
.ipynb_checkpoints intiial commit 4 months ago
vscode intiial commit 4 months ago
images add an image example 4 months ago

[ README.md Update README.md 4 months ago
[ generate_data.py intiial commit 4 months ago
D main.py intiial commit 4 months ago
[ siso_predictor.py intiial commit 4 months ago
README.md
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Freely available python implementation on GitHub

Example of use Fitting results with 3 clusters
o clusterl

16 cluster 2

cluster 3

sol = learn_model(
YEYy
u=u,
ydef=ydef, .
N=100, €
n_clusters=3, s
nJump=1, 2
max_leaf_nodes=1200, 2 4 3 8 10 12 ¥ 16 18
test_size=0.33, Fue value
validation_mode='all"',

plot=Trge -

) abs(Error) - cluster 1 = 0.008946
abs(Error) - cluster 2 = 0.037074
abs(Error) - cluster 3 = 0.022471

predicted value
o

e Random Forest structure (SKLEARN)
e 33% test for train/test data splitting

o Clustering uses KNN (SKLEARN)
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Data-Driven NMPC by cost function identification = Github repository

Freely available python implementation on GitHub

Fitting results with 3 clusters
Example of use - 9
@ clusterl
16 cluster 2
cluster 3
114
sol = learn_model( Ly
Y=Y, £
U=, B, °
ydef=ydef, g . o
N=100, ¥
n_clusters=3, N o,
nJump=1, 2
max_leaf_nodes=1200, 2 4 6 8 10 12 ¥ 1 18

test_size=0.33, Tue value

validation_mode='all’,

plot=Tree -
) abs(Error) - cluster 1 = 0.008946
abs(Error) - cluster 2 = 0.037074
abs(Error) - cluster 3 = 0.022471
e Random Forest structure (SKLEARN) We have a cost function model

e 33% test for train/test data splitting
J= [ML o 4’] (Yk—n, Uk—n, k)
e Clustering uses KNN (SKLEARN)
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

The Model J= [ML o ﬂ (Vk—ns Uk—n, Uk))

The cost induced by a future control
sequence 1, given the past measure-
ments (Yik—n, Uk—n)-
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

The Model J= [ML o ﬂ (Vk—ns Uk—n, Uk))

The cost induced by a future control
sequence i, given the past measure-
ments (Yik—n, Uk—n)-

The Data-Driven MPC Formulation at instant k

u; « arg umEIiUnN [ML o ¢} (Yk—n, Uk—n, u)

©  Past measurements Future Control

© Yk—N, Uk—N u?
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

The Model W= |:ML o ¢:| (_yk,/\/7 u,_p, Uk))
The cost induced by a future control

sequence 1, given the past measure-
ments (Yik—n, Uk—n)-

The Data-Driven MPC Formulation at instant k

uj < arg min [ML o ¢] (Yk—n, Ug—n, U)
uelUN

: ML is generally a non
Past measurements Future Control differentiable function

Yik—Ns U N : u? — Needs derivative free solver

Mazen Alamir Grenoble school on Data-Driven Solutions in Control




Data-Driven NMPC by cost function identification

Solving the optimization problem

Solving the optimization problem

Torczon’s Algorithm

Direct Search Methods
on Parallel Machi

tember 1990
(revised March 1991)
TR9O-19

Tosppese i SIAM Joural of ptimiston

V. Torczon. On the convergence of pattern search algorithms.
SIAM J. on Optimization, 7(1):1-25, 1997

Mazen Alamir
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

Suppose n Decision variables

Take n+ 1 initial nodes
Determine the best node

Best node

Illustration of Torczon Algorithm for 2D problems
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

Suppose n Decision variables

Take n+ 1 initial nodes Reflexion
Determine the best node

Try a Reflexion

Best node

lllustration of Torczon Algorithm for 2D problems
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

Suppose n Decision variables

Take n+ 1 initial nodes Esxtension
Determine the best node

Try a Reflexion

If successful Try an extension Best node

Illustration of Torczon Algorithm for 2D problems
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

Suppose n Decision variables

Take n+ 1 initial nodes Contraction
Determine the best node

Try a Reflexion

Best node

If successful Try an extension

Otherwise adopt a contraction lllustration of Torczon Algorithm for 2D problems
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

Suppose n Decision variables

Take n+ 1 initial nodes Contraction
Determine the best node

Try a Reflexion

Best node

If successful Try an extension

Otherwise adopt a contraction Illustration of Torczon Algorithm for 2D problems

This algorithm is suitable for problems of moderate size!
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Data-Driven NMPC by cost function identification = Solving the optimization problem

Solving the optimization problem

Suppose n Decision variables

Take n+ 1 initial nodes Contraction
Determine the best node

Try a Reflexion

Best node

If successful Try an extension

Otherwise adopt a contraction Illustration of Torczon Algorithm for 2D problems

This algorithm is suitable for problems of moderate size!

— Control parametrisation [last step!]
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riven NMPC by cost function identification = Github repository

Freely available python solver implementation on
GitHub

& mazen-alamir / torczon @ Usage

Oote  Dlmes 1) Puiequess O Aciors [ Projecs O Secuy L nsghs

E:, det 10apr:
Join Githiub today

mansge riects, and i softvar agotar
« Callthe solver using
sotvelt_s

po

Y« cooe - .

P mastor - P 1bncn Q0w

ssrsser en3hoy D2commis

[ Y —

D resovEma rT— Gmonths 350
D meny Ao v upioad s where

s + X0 the il guess forth first guess)

[Epe—
« xmin, xmax the box of admissible values

« Nite: the number o terations by single guess.

A simple python implementation of Torczon algorithm

min and xmax)

« initial_box.y
algorithm.

Colapse of
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Control parametrization

Data-Driven MPC at instant k

UZ < arg min [ML o ¢] (.Vk—N7 u_p, u) Three-dof Control Parametrization
ueur 2
3 2 ‘
{ 15
1
0 10 20 30 40 50
Time units

p* < argmin [ML o ¢} (Yk—n, uk—n,U(P))
pEP

u=U(p) where ter)
i)

p = [u(0), u(10), u(30)|
MPC Feedback

Apply the first control input in U(p*)
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Data-Driven NMPC by cost function identification = Results = The settings

Results

Two settings are tested (7 = 0.02, N = 100), single cluster

Setting 1 Setting 2
o p:= (u(0),u(10)) € U? o p:= (u(0), u(5), u(10), u(20)) € U*
o Nguess = 1, n72 =30 (Torczon) o Nguess = 3, nfp2X =50 (Torczon)
o — 1% 30x (2+4) =180 functions evals o — 3 x50 X (4+4) = 1200 functions evals

Single evaluation of the random-forest cost model = 1.7 msec

[Python 3 jupyter-notebook on a MacBook-Pro 2017, Mojave 10.14.5 with a 2.9 GHz Core {7 processor]
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Data-Driven NMPC by cost function identification = Results = The settings

Results

§ ¥ o V . ;
Setting 1 = = A
o p:=(u(0),u(10)) € U2 o o o
® Nguess = 1, nT2* = 30 (Torczon) o == O N e i o
o = 1x30x (2+4) =180 unctons eais T O T R
§ ; . ; . ;
NOTA e e R
The first two seconds (N X 7) L T
under open-loop control waiting " B == g
for the buffer y,_n, ux_pn to be - - -
available. " - o
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Data-Driven NMPC by cost function identification = Results = The settings
Results
’ Optimal Steady : Optimal Steady - Optimal Steady
: o y y o y
Setting 2 = ° .3
o p:= (u(0), u(5), u(10), u(20)) € U* o o o
® Nguess = 3, i3 =50 (Torczon) o S o o
® — 3 x50 % (4+4) = 1200 functions evals T TS TR
—— p—— ~ opimartady
o y o ' o y
4 o 4
NOTA
The first two time units (N X 7) ot = o LI I
" IR— — opinar sy ~ opimar sty
under open-loop control waiting o v y o b
° o ©
for the buffer y,_n, ux_p to be os o o
available. s u o

Mazen Alamir
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Learning-Based Monitoring updating period in Real-time NMPC

Learning-Based Monitoring updating period in Real-time NMPC
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon
X
J(p, Xk)
ty te+T t
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon

" min J(p.xe) 5. C(p,xe) <0

P = b(xk)

tk t+T

u('vﬁk)
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon

Xk+1

na min J(p.xe) st C(px0) <0

Tu

tye tiet1 te+T t

/ z/{(aﬁk)

Tu
—

[Apply U( p(xs)) during 7,
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present

prediction horizon

Xk+1

mpin J(p,Xk+1) s.t. C(p,%xk+1) <0

te+ T t

Mazen Alamir

Grenoble school on Data-Driven Solutions in Control
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon

Xk+1

.

mpin J(p,xk+1) st. C(p,xk41) <0

Tu
Ty tht1 t+T t
Z/{(', ﬁk)
Tu ﬁ?
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon

Xk41

Na

[mpin J(p,xk+1) st. C(p,xk+1) <0 ‘

Initialize | at p; (hot start)

k+1 = P(Xk+1
i tht1 te+T t Al = P
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon
X Xk+1 '
xk'/* J(Prcs Xk ! ‘mpin J(p, xk+1) st. C(p,xk+1) < O’
: Initialize | at p;f (hot start)
T '
—> R A( )
Pk+1 = P{Xk+1
ti tht1 e+ T t * +
L U(-, Px) J(Prr1 Xus1) < J(By %ir1)
Tu lslj
— N
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon
X Xg+1 '
xk'[“ J(Prk, Xk) ! ‘mpin J(p,xk11) s.t. C(p,xks1) < O’
J(ﬁf,xkﬂ) .
| Initialize | at p, (hot start)
Ty !
—)
Pr+1 = P(Xk+1
tktk+1 tk+T t Pk+ p( +)
/ U(-, br) J(Pry1, Xk41) < J(ﬁ/jvxk+1)
Tu lAjk+
K—
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

present prediction horizon
V| Xkt I
Xk q[_‘ ! mein J(p7 xk+1) s.t. C(p, Xk+1) <0 ‘
. J(ﬁz_axk-l—l) .
i Initialize | at p; (hot start)
T '.
<—
> Pk+1 = P(Xk+1
th tigt b+ T t Pr+1 = P(xk41)
Y U, pr) J(Bre+1, Xkr1) < (B Xpe1)
Ty [ J(BF, xkq1)=J(Pr, xk) — @+ @
[—
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

’ mpin J(p,xk+1) s.t. C(p,xk41) < O‘

Initialize | at p; (hot start)

present prediction horizon
L Xkt |
Xk ;[_‘ J(ﬁka Xk) E
® JBF, Xk41)
i, I
— .
i Tkt bt T
4 3
—

" Prt1 = P(Xk11)

J(Prt15 xkt1) < J(B) . xss1)

JBF xk41)=J (P, xk) — @+ @
07
> <07

Mazen Alamir
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Learning-Based Monitoring updating period in Real-time NMPC  Recalls on ideal MPC framework

Ideal Framework: Recalls & Basic Notations

~

present prediction horizon In the ideal framework, when
! : the horizon moves, the hot
! : start ﬁ;r computed from the pre-
v XK1 : vious optimal solution py satisfies:
|/—1 1
1 1
1
Xk ) JBF xk41) < J(Pr, %)
® J(BE s Xk+1)
. 2y M t al. Automatica (2000
- | <Ly Mayne et al. Automatica ( )
— ) \§ J
i ket t+T
~ ~ /\+
L U, br) J(Pr+1s Xuet1) < J (B s %uer1)
. At A
Ty b J(BF s xk41)=J(Pr, x) — @+ @
<07
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Ideal

\

MPC: The key assumptions

In the ideal framework, when
the horizon moves, the hot
start ﬁ,‘f computed from the pre-
vious optimal solution py satisfies:

JBF, xkt1) < J(Pr, xk)

<Ly Mayne et al. Automatica (2000).

Mazen Alamir

» Formulation involving Final
constraints

> (hot start)-compatible
parametrization

» Py sufficiently good
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Ideal MPC: The key assumptions

In a realistic framework, when
the horizon moves, the hot start
p, computed from the previous
solution py satisfies:

J(p, xk+1) = J(pk, xk) + D(7w)

D(0) =0
D(t,) is not necessarily < 0.

~

» Formulation involving Final
constraints

> (hot start)-compatible
parametrization

» Py sufficiently good
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Ideal MPC: The key assumptions

\

In a realistic framework, when
the horizon moves, the hot start
p, computed from the previous

solution py satisfies: )
Even with perfect

undisturbed model

J(p, xk+1) = J(pk, xk) + D(7w)

D(0) =0
D(t,) is not necessarily < 0.
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Preparation & Feedback Steps

prediction horizon

Xk—18

t—1 tk tk+T t
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Preparation & Feedback Steps

X—

1¢

Tu

prediction horizon

1. Predict X«
2. During [tx_1, tk]

b X (predicted)

Af~ a,\
Compute p(¥4) [and %1

Mazen Alamir

th—1

Lk

t+T T
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Preparation & Feedback Steps

Ox

X—

prediction horizon

1. Predict X«

I

1¢

Tu

Xk
Xy (predicted)

2. During [tx_1, t]
Compute p(¥4) [and %]
ox

3. Once x is available:

P + p(Xk) + [%} * Ox

Mazen Alamir

th—1

Lk

t+T T
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Preparation & Feedback Steps

1. Predict x4

prediction horizon 2. During [tx_1, ta]

0ps

Compute p(Xx) [and X

(preparation step)

6] Xk . .
x %k (predicted) 3. Once x is available:

n e op
Xk—14¢ P < P(Xx) + [%] - Ox
Tu

(feedback step)

+
tk + T{J Diehl et al. SIAM J. Ctrl and Opt. (2005)
<y Zavala and Biegler. Auomatica (2009)

te—1 ti
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Preparation & Feedback Steps

prediction horizon

1. Predict Xy
2. During [tx_1, t]

dx ]

Xk—14¢
Tu

Xk
Xy (predicted)

Compute p(Xx) [and pk]
(preparation step)

3. Once x is available:

B bl + [ ] -5

tk—1

ty

(feedback step)

+
ti+ T\/l Diehl et al. SIAM J. Ctrl and Opt. (2005)
<y Zavala and Biegler. Auomatica (2009)

NOTA: Even with feedback, uncertainty potentially increases D(7,)

Mazen Alamir
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Based Monitoring updating period in Real-time NMPC  Real-time NMPC: Fast systems

Definition of Fast NMPC Problems

prediction horizon

T, is the time between two
control updating

Ty is the time during which there
is no feedback

max
= Ty < T,

Xk
ol Xk (predicted)
Xk—14
Tu
tk—1 ty e+ T

Mazen Alamir

t
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Learning-Based Monitoring updating period in Real-time NMPC = Real-time NMPC: Fast systems

Definition of Fast NMPC Problems

prediction horizon

Ty is the time between two
control updating

7y is the time during which there

is no feedback
=1y < T

Fast NMPC Problems

Fast NMPC problems are
those for which

Xk
0l Xy (predicted)
Xk—14
Tu
ty—1 ti te+T t

Mazen Alamir

Tsolve (NLP(ik)) > T

u
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Learning-Based Monitoring updating period in Real-time NMPC NMPC with limited number of iterations

The Iterative Process

prediction horizon

P e 5(p0, x)

J(Pr—1,Xk—1) 9

Tu

tk—1 73 ty+ T t
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Learning-Based Monitoring updating period in Real-time NMPC NMPC with limited number of iterations

The Iterative Process

prediction horizon

J(Pi_1r%k) PPy hotstart ——> P;EO)

P+ e 5(p0, x)

J(Pr—1,%Xk-1)

b Dic = Di(X«)

Tu

tk—1 ty te+T t
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Learning-Based Monitoring updating period in Real-time NMPC NMPC with limited number of iterations

The Iterative Process

prediction horizon

o150 [~y ot st — [ O

(i+1) (7)
S(pl((o) %) pl((l) p « S(p'",x)

J(Pr—1,%k-1)

¢ D = Pr(xk)

Tu

tyk—1 ty t+T t
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Learning-Based Monitoring updating period in Real-time NMPC NMPC with limited number of iterations

The Iterative Process

prediction horizon

J(Pi_1r%k) PPy hotstart ——|> P;EO)

@ P(i+1) — S(P(i)a x)
Pk

S(p,((]') xk) ., P,(<2)

b Dic = Di(x«)

J(Pr—1,%k-1)

Tu

tk—1 ty te+T t
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Learning-Based Monitoring updating period in Real-time NMPC NMPC with limited number of iterations

The Iterative Process

prediction horizon

_/(kall,Xk) p:71 hot start ——> p‘((o)

) pltD « S(p1, x)
Py
Pk § S(p,((l) Xk) > p,(<2)
¢ P = Pr(x)
Ty q= int(E)
T1

J(Pr—1,%Xk—1) 9

ty—1 Ly te+T t

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



Learning-Based Monitoring updating period in Real-time NMPC NMPC with limited number of iterations

The lterative Process

prediction horizon

Ipi1v%0) [ A iyt st — > O

P S(pl), )
J(Pk—1,%k-1)

¢ P = Pr(xx) T
Tu qg= int(—”)
1

tk—1 ty t+T t

dynamic equation for p

pe = SO(p}_yxu-1)
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Learning-Based Monitoring updating period in Real-time NMPC  Sufficient condition of success

Sufficient Conditions of Success

prediction horizon

T1:T1:
Py ) [Py o sare — - )
¢
J(Pr—1,%k—1) p/; J(prcs xk)
8P = Pr(xk)
Ty
tk—1 vtk tk+ T 1
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Learning-Based Monitoring updating period in Real-time NMPC  Sufficient condition of success

Sufficient Conditions of Success

prediction horizon

T1:T1:
JPi_yy k) [Py ot stare —x{> p©)
| D(7,)
J(Pk—1,%k-1) Pk J(Pr, xk)
8Pk = Pr(xk)
Ty
1 t+ T t
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Learning-Based Monitoring updating period in Real-time NMPC  Sufficient condition of success

Sufficient Conditions of Success

prediction horizon

7'1;7'1
J(p;ll,xk) ----- 'plj—l hot start —¢ p,((O)
D(Tu) ES(TU)
J(Pk—1,%Xk-1 f
( ) - Pk Y- J(px, xk)
- 8Pk = Pr(xk)
Tu
te—1 tk te+ T t
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)

s (p:—lv Xk)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p, %)

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p, x)

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p, x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Learning-Based Monitoring updating period in Real-time NMPC = Sufficient condition of success = Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)
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Based Monitoring updating period in Real-time NMPC = Sufficient condition of success | Asymptotic optimality

Closed-Loop Evolution of the Cost Function

J(p,x)

1. No finite escape time

2. ldeally stabilizing NMPC
formulation

3. Good choice of (S, 7,):

—ES(1,)+ D(1,) < 0

J

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 73/ 82



Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

Reminder

D(1,) — ES(1,) <0
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Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

Reminder

D(r,) — ES(1,) <0

—(D(r.) ~ A ~ES(r) ~

- AN J
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Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

Reminder

D(r,) — ES(1,) <0

— D(74) ~ A —ES (1) ~N

Tu
pt
p

\
> D(ry) == J(p",x7) = J(p,x)
» D(0) =0, D(7y) can be >0
» 7, € [0,7%%]
> Independent of the solver S

AN J
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Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

Reminder

D(r,) — ES(1,) <0

/_‘ D(ru) N _ES(TU) N\

4 D(74)

Tu

Mazen Alamir Grenoble school on Data-Driven Solutions in Control 74/ 82



Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

Reminder

D(r,) — ES(TL,) <0

— D(14) ~ A —E°(7) ~N

> ES(1y) == J(p©, x)—J(pa®), x)

> g5 = int(ry/7)
» ¢ time for a single iteration

» e {1,2,... x5

S —
L )\’E(O)_O
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Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

Reminder

D(r,) — ES(7,) <0

L) N0 () 2

, E°(74) Tf !
D —
-8 i ! °
— & | ¢ °
{ /‘/.
,Q’/./
et
e N
s /.’/. And
o ) o * Tisz
®
. VAN Ty J
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Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

Reminder

D(r,) — ES(1,) <0

—(D(r.) ~ A ~ES(r) ~

4 D(7u) p ES(1) S
—
T i ! °
— & : ¢ °
® /‘/’
. /0”./‘
L7 : ./././. :(—):
- il U
Ty = >
g VAN Ty J
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Learning-Based Monitoring updating period in Real-time NMPC  The impact of the solver choice

ES(1,) > D(,)?

D(7)

ES (Tu)
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ES(1,) > D(1,)?

D(7u)

581(7-”)

Esz(TU)
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Key properties of a solver

(7u), D(7u) 9) ~N

D(7y)

It is sometimes better to choose a
less efficient?® solver with shorter

ESi(r,) preparation step duration 7.
/4
/’/l e ESQ(T‘I)
-
/) o -
o, “per iteration
0/ Tu K j
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Key properties of a solver

ES(7.), D(ru) Keep in Mind ~
blr) It is sometimes better to choose a
less efficient? solver with shorter
ES\(r,) preparation step duration 73.
//.///./ 'E;Z(TU)
e — “per iteration
0 i \_ J
Gradient-based studies
/. Bemporad and Patrinos (2012), Jones et al. (2012), MA (2013).
Heuristics for second order methods
<{l Bock et al. SIAM (2007)

Mazen Alamir
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Comparing Algorithms: An Example

<y Houska et al. Automatica (2011)

X2

X2 = u uel[-1,+1]
X3 = X4
X4 = —gsinxg— ucosxs — bxy
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Comparing Algorithms: An Example

<y Houska et al. Automatica (2011)

AU N

)'<1 = X2
X2 = u ue [—1, +1]
X3 = X4
4 = —gsinxg —ucosxs — bX4j
e Cost N
Np
T 12 T 2
Z [%etillo + llugsizillm
! J
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Comparing Algorithms: An Example

<y Houska et al. Automatica (2011)

/m N\ *» N,=10and T, =3 sec

X1 = X » Two solvers:
Xo = U ue[-1,+1] &1 Full gradient
. Sy Partial gradient
X3 = Xa
. . 4
(X¢ = —gsinx3 —ucosx3 — bX4) > Ti’iz _ [E] v Ti’Sl
A N s
> 7,(S2) = [E] X T4(S1)
Np
D Ikl + vl > 74(S1) € {5,50,100} ms
=2 J
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Typical Closed-Loop Behavior

Mazen Alamir

Closed-Loop State Trajectory

Closed-Loop Control Trajectory

— X1 | 1 [ | ‘
— X3
0 1
\ \ -1 \ \
0 5 10 15 20 0 5 10 15
time (sec) time (sec)
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S1 is more efficient than S, ... per iteration !

J(p™, xo)

—— & (Full gradient)
160 —— S, (partial gradient)

140

120

| | |
0 20 40 60 80 100 120 140

number of function evaluations (/)
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Closed-Loop Evolutions of the Predicted Cost

J(pi, Xk)

— &1 (Full gradient)
150 — &> (partial gradient)

100

50

| |
0 0 1 2 3 4 5 6

time (sec)
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Closed-Loop Evolutions of the Predicted Cost

J(prsxk)

— &i (Full gradient)
150 — &> (partial gradient) [

100

50

time (sec)
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Comparison of Effective Closed-Loop Cost

1 Slm 2 2
Jo = = NG [”xk”Q + ””k—l“R}
sim k=1
Tu(S1) 100 ms 50 ms 5 ms
Full Gradient 0.728 0.430 0.027
Partial Gradient 0.300 0.110 0.008
Gain % 59% 74% 70%
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Updating Scheme For a Given Solver

4 )

Assume that a solver & has been chosen ...

Is there any remaining choice ?
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What is the optimal 7, for a given solver?

ES(TU) > D(1,)?

D(7,)

ES(TU)
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What is the optimal 7, for a given solver?

ES(1y) > D(1,)?

D(7y)

ES(TU)
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What is the optimal 7, for a given solver?

ES(1,) > D(1,)?

D(ry)

Given S, how to adapt g7

ES(TU)
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Updating 7, is a control problem ...!

prpr = S (pt %))
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Updating 7, is a control problem ...!

pryr = ST (pt %))
xee1 = F(x,U(0, pr))
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Updating 7, is a control problem .. .!

Pk+1)  _ ,_-( Pi 7_)
Xk+]_ 'y
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Updating 7, is a control problem ...!

Pk+1 _ ,_—< Pk ’Tu>
Xk+1 Xk

y = J(pkuxk)
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Updating 7, is a control problem .. .!

zt = F(z,7,)
y = J(@)
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Updating 7, is a control problem ...!

zt = F(z,w,Ty,)
y = J(z)
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Updating 7, is a control problem ...!

#}
7zt = F(z,w,T,) y
. Tw y = J(2)
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Updating 7, is a control problem ...!

_w
7t = F(z,w,m) y
Tu y = J(2)
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Updating 7, is a control problem ...!

L}
zt = F(z,w,7) y
Tu y = J2)

M.A. ECC (2013)
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({q = 2 without adaptation} ~N
) Output Evolution Control Evolution
1
0.5
0
-0.5
-1
0 20 40 60 80 100 0 20 40 60 80 100
Evolution of g s Evolution of ap
3 oX 10
25
0
2
15
Y 20 40T_ 60 80 100 % 20 40T_ 60 80 100
ime ime
g J
4{, MA, ECC (2013)
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f(q = 100 without adaptation} N
Output Evolution Control Evolution
o.; !
ol
_0:513 ”. [

0 20 40 60 80 100

Evolution of ¢ 10¢ Evolution of ap

101
100.5 2
100 0 nLIn'nLr“"'rIJﬂ _”_ﬂu JJl-I'I_n

99.5

0 20 40 60 80 100 0 20 40 60 Bb 100
Time Time )

.

Q/ MA, ECC (2013)
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f{q(o) = 2 with adaptation}

) Output Evolution Control Evolution
1
0.5
0
-0.5
L L -1
K 20 40 60 80 100 0 20 40 60 80 100
Evolution of ¢ 10° Evolution of ap
30 2%
20 0
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0 i i " I
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\_ Time Time )
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|

({q(o) = 100 with adaptationJ ~

Output Evolution Control Evolution

) 20 40 60 80 100 0 20 40 60 80 100
Evolution of ¢ s Evolution of ap
x10
100 2
0
50
2+
0 -4
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«l MA, ECC (2013)

Mazen Alamir

Grenoble school on Data-Driven Solutions in Control




Learning-Based Monitoring updating period in Real-time NMPC  Possible learning-induced breakthrough

MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

(M I
I I

I

I

(@(tr), J(ty))
Predict J(&(tg41))

~

ty tp + Tu
N
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

(M I
I I

I

I

: (@(tr), J(ty))

' predic J(&(tk41))
|

|

~

Updating period 7y, !
I |

!
I Solve P(i(ty 1)) |
i i
tr te + Tu
N
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

~

J(@(te41))
E(7u)

Predict

Updating period 7y,

! Solve P(&(tj41)) !
1 |

ty tp + Tu
N
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

~
J(z(tg41))
D(7u)
J(@(te41))
E(Tu)

Predict

Updating period 7y,

! Solve P(&(tj41)) !
1 |

ty tp + Tu
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

(! i N Ny
@) |l | Tty + 7u)

] D(7y)

P predicy J(@(tk+1))

i

: Updating period 7, ‘ B(ru)

e

! Solve P(&(tg41)) ! -

i ‘ ‘
K tr+Tu
~ DN )
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

(! i N Ny
@) |l | Tty + 7u)

] D(7y)
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i
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e
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

~ /" h
J(x(tp41)) J(tg + Tw)

D(1u)
J(@(te41))
E(7u)

Predict

Updating period 7y,

! Solve P(&(tj41)) !

| |
tr te + Tu 3 locally optimal 74,

- AN J

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



Learning-Based Monitoring updating period in Real-time NMPC  Possible learning-

uced breakthrough

MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

(1 i N
J@Ee1)) || | Tty + 70)
D(7y)
Predjct J(&(tg41))
Updating period 7o, E(ru)
!
I 2 I
: Solve P (& (tp41)) : -
tr te + Tu 3 locally optimal 74,
N AN

_w
7 = Flzw,m)
Tu y = J@)

= K(...)
I

Complexity: (5, 5x, 5+ and 1log)

M.A. Monitoring Control Updating Period In Fast Gradient-Based NMPC. ECC2013, 2013
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

gl 1 Y4
J(@(tg41)) J(ty + ) y Oupt Evolution [ Control Exolution
predice I(@(tr1) R
‘ Updating period 7, ‘ E(ru) ‘
: Solve P (& (tp41)) : - R W
\tk T + Tu L Tu = q X cpu of a single iteration

M.A. Monitoring Control Updating Period In Fast Gradient-Based NMPC. ECC2013, 2013
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

(1 [ N
J(@(tg41)) J(tg + ) Oupt Evlution [ Contrl Exolution
D) S ANANAN [T
Predict J(&(tg41)) :" » Ew’:“m“""(u“ w0 ;D,m,znnva::.,m.tm,,w w00
‘ Updating period 7o, ‘ E(ru) : "VMWMMMMWVN”
| Solve P(#(th+1) | - || e e
\tk te + Tu U Tu := g X cpu of a single iteration

M.A. Monitoring Control Updating Period In Fast Gradient-Based NMPC. ECC2013, 2013
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MONITORING CONTROL UPDATING

New ML-induced opportunities (preliminary)

uced breakthrough

PERIOD

(M | N Output Evolution Control Evolution
J@Ee1)) || | Tty + 70)
D(7y)
Predict J(@(tr+1))
Updating period 7, E(ru)
< N
I 2 I
: Solve P (& (tp41)) ‘ -
\tk te + Tu IS = Ibezlly epiingl] 7 Ty = g X cpu of a single iteration

M.A. Monitoring Control Updating Period In Fast Gradient-Based NMPC. ECC2013, 2013

Mazen Alamir

Grenoble school on Data-Driven Solutions in Control



Learning-Based Monitoring updating period in Real-time NMPC  Possible learning-

uced breakthrough

MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

(M | O h Output Evolution Contral Evolution
J(z(tky1)) J(ty + Tu) j |
D) JUUL
Predicy J(@(tr+1)) T newonte g Bty
. . E q
Updating period 7, () =l
< | 4
I 2 I .
: Solve P (& (tp41)) ‘ - b e w0 Y w W w
+ ¢ 3 locally optimal 74, . . .
\k ktTu L ) Tui=4q X cpu of a single iteration

M.A. Monitoring Control Updating Period In Fast Gradient-Based NMPC. ECC2013, 2013
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

~ /" h
J(x(tp41)) J(tg + Tw)

w
Dir o= Flzwm) v
() J y = s
Predict J(&(tg41))

E(7u)

Updating period 7y, .
Tu=K(...
' Solve P(z(tp41)) ! -
I I
th te 4 Tu 3 locally optimal 74, Complexity: (5+, 5%, 5+ and 1log)

N AN J
—
Solver
Certification
Hardware
Performance

{ Ideal Stability

Characteristics

MPC
Certification
—

Uncertainty
Level

Current Guess
Quality

M. Alamir. A State-Dependent Updating Period For Certified Real-Time MPC. IEEE TAC, 2017.
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

N N
J@Ee1)) || | Tty + 70)

—w
D(r 2t = F(z,w,7,) y
() J y = s
Predict J(&(tg41))
Updating period 7, E(ru)
i i o= K(...)

' Solve P(z(tp41)) ! -
I I
th te 4 Tu 3 locally optimal 74, Complexity: (5+, 5%, 5+ and 1log)

- AN J

£0(a), &o(z) and eofz)

—
Solver 107!

Certification o e
Hardware
Performance
Ideal Stability
Characteristics
Uncertainty
Level

Current Guess
Quality

MPC
Certification

2 4 6 8 10 12 u

(@)

€p: required precision

q(x) < stage cost
M. Alamir. A State-Dependent Updating Period For Certified Real-Time MPC. IEEE TAC, 2017.
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

N N
J@Ee1)) || | Tty + 70)

D(1u)
J(@(te41))
E(7u)

Predict

Simulate CL-NMPC

ama Fast Gradient

Updating period 7y,

———
Solve P(&(tp41)) !

]
I

I

I

L

I

| | -

k te + Tu 3 locally optimal

\t P\ ) Random (7, w)

£0(2), é(z) and eo(x)
Solver w0
Certification - P
Hardware )
Performance
Ideal Stability
Characteristics
Uncertainty
Level
Current Guess
Quality
q(x) < stage cost

M. Alamir. A State-Dependent Updating Period For Certified Real-Time MPC. IEEE TAC, 2017.

Warm start
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MPC
Certification

1 6 8 10 12 1

9(2)/gmin

€p: required precision
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

N N
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| | -
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Solver w0
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Characteristics
Uncertainty
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Current Guess
Quality
q(x) < stage cost

M. Alamir. A State-Dependent Updating Period For Certified Real-Time MPC. IEEE TAC, 2017.
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MPC
Certification
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9(2)/gmin

€p: required precision
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

7 i N N
i J(z(tg41))
(@(tr), J(tk)) D(74)
Predict J(@(tr+1))
E(Tu)

Simulate CL-NMPC
Fast Gradient

Updating period 7y,

———
Solve P(&(tp41)) !

]
I

I

I

L

I

| | -

k te + Tu 3 locally optimal

\t P\ ) Random (7, w)

£0(2), @(z) and cofz)
Solver 107!
Certification e -
—

Hardware —%
Performance
Ideal Stability
Characteristics
Uncertainty

Level
S—

Current Guess
Quality

Warm start

check

MPC
Certification

9(2)/gmin

€p: required precision

q(x) < stage cost
M. Alamir. A State-Dependent Updating Period For Certified Real-Time MPC. IEEE TAC, 2017.
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

7 i N N
i J(z(tg41))
(@(tr), J(tk)) D(74)
Predict J(@(tr+1))
E(Tu)

Simulate CL-NMPC

ama Fast Gradient

Updating period 7y,

———
Solve P(&(tp41)) !

]
I

I

I

L

I

| | -

k te + Tu 3 locally optimal

\t P\ ) Random (7, w)

£0(2), () and eo(z)
E: . ( )
Certification ) o
10-2 -
—
Hardware J(tk+1) = ML(J(tg), Tu, w)
Performance

Warm start

N 0 check tht1 =tk + Tu
Ideal Stability MPC Theory
Characteristics Certification o
10° . (’L)
el Ty >0

Uncertainty
Level
)

Current Guess
Quality

9(2)/gmin

mi(n) E(J(Tp)) s.t.

Z T,l(tw =T,

€p: required precision

q(x) < stage cost
M. Alamir. A State-Dependent Updating Period For Certified Real-Time MPC. IEEE TAC, 2017.
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MONITORING CONTROL UPDATING PERIOD

New ML-induced opportunities (preliminary)

J(tk41) = ML(J (tg), Tu, w)
tk+1 =t + Tu

Approximate Stochastic

Dynamic Programming

{ Tu(tr) =7 (J(tr) [ W)

Tq(j;) >0

Z T‘l(li) =Tp
i

min E(J(Tp)) s.t.
Tu ()

Option3 (Approximate Dynamic Programming)

Approximate the optimal value m Choose a ML-based
structure for Q

Qz) where  z:= (z,u) u Fixed-point iteration on Q

based on the Bellman equation

Qlz) = €(z) +yminfi + a5 [0 (), v))

‘ Fixed-point ‘

= £ stage cost o, e
" " 'nsld
= 7 discounting rat \_|

= i approximated statistics over realisations of w

() Curse of dimensionality
(-) Fragile choice of the support state domain

Mazen Alamir Grenoble school on Data-Driven Solutions in Control



Learning-Based Monitoring updating period in Real-time NMPC  Possible learning-induced breakthrough

CONCLUSION
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“The beauty of this is that it is\only of

theoretical importance, and there is no way
it can be of any practical use whatsoever.”
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